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Abstract

This paper investigates bending, vibration and buckling analysis of carbon nanotube-reinforced
composite (CNTRC) and graphene nanoplatelet-reinforced composite (GPLRC) beams. Both
normal and shear effects are included in the formulation of the governing equations of motion
of the beams. Finite element model is employed to determine displacements, critical buckling
loads and natural frequencies of the beams with different boundary conditions. Several
important factors in parametric studies including distribution pattern, volume fraction of CNTs,
GPL weight fraction, slenderness ratio, boundary condition, etc. are investigated. Some new

results are given as benchmark for further validation.
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1. Introduction

Carbon nanotubes (CNTs) and Graphene Platelets (GPLs) are considered one of the most
excellent candidates for the reinforcement of polymer composites due to their extremely
attractive mechanical properties such as high Young’s modulus, tensile strength and low density
[1-3]. The potential applications of carbon nanotube reinforced composites (CNTRCs) and
graphene platelets (GPLs) reinforced composites (GPLRCs) can be found in the field of high-
performance structures and multifunctional composites. The constitutive models and
mechanical properties of CNTRCs have been studied experimentally [4, 5] and numerically [6-
9]. In order to improve the interfacial bonding strength, the use of the functionally graded
material (FGM) concept for producing CNTRC [10] and GPLRC [11] structures is proposed.
In the practical applications, CNTRCs/GPLRCs may be incorporated in the form of structural
components such as beams, plates and shells [12, 13]. The prediction of structural behaviours
of CNTRCs/GPLRCs beams is therefore necessary. Yang, Kitipornchai and co-workers
employed classical beam theory (CBT) and First order beam theory (FBT) to study linear
(vibration, buckling) and nonlinear responses (bending, buckling) of CNTRC beams [14-19]
and GPLRCs beams [20-23]. FBT was further employed to investigate the free vibration and
buckling analysis of CNTRC beams by Yas et al. [24-26], Wattanasakulpong and Mao [27] and
their nonlinear dynamic responses by Ansari et al. [28]. It should be noted that FBT requires
shear correction factor, whose the correct value is difficult to determine. In order to avoid this
issue, the higher-order beam theories (HBTs) should be used. Wattanasakulpong and
Ungbhakorn [29] proposed Navier solutions for several HBTs to study vibration, buckling and
bending responses of CNTRC beams on an elastic foundation. Lin and Xiang [30] studied
dynamic responses of CNTRC beams by using both FBT and third-order beam theory (TBT).
Shen et al. [31] extended their previous HBT [10] to study nonlinear behaviours of GPLRCs

beams and solved by two-step perturbation technique. Anirudh et al. [32] used trigonometric
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beam theory to study GPLRCs curved beams by using finite element model. Barati and Zenkour
[33] used refined beam theory to study post-buckling responses of GPLRCs beams. It should
be noted that the HBTs in above studies [29-33] neglecting the thickness stretching effect,
which needs to be considered to fulfil Koiter’s recommendation [34]. This effect is very
important for FG structures [35, 36] especially for thick beams and needs to be taken into

account.

In order to include the thickness stretching effect, this paper uses shear and normal deformation
theory (SNDT) to investigate the bending, buckling and free vibration analyses of CNTRC and
GPLRC beams. Material properties are assumed to be uniformly or FG distribution through the
thickness. Equations of motion and boundary conditions of the present theory are derived from
Hamilton’s principle. Numerical examples are presented to verify accuracy of present theory
and investigate the effects of distribution pattern, and volume fraction of CNTs, GPL weight
fraction, slenderness ratio, boundary conditions on deflections, buckling loads and natural

frequencies.

2. Theoretical Formulation

The problem domain of this study can be described as a straight beam with length (L), height
(h) and width (b) as shown in Fig. 1. Two different material properties, namely, CNTRC and

GPLRC beams are considered.

Figure 1 About Here

2.1 Material properties of CNTRC beams
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The CNTRC beams are made of a mixture of CNTs and an isotropic matrix. Based on the
distribution pattern of CNTs, there are four different models available in the open literature,

namely, UD — CNTRC, V — CNTRC, O — CNTRC and X — CNTRC as shown in Fig. 2.

Figure 2 About Here

The volume fractions of CNTs in the forementioned models are given by [37];
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polymer matrix.

The effective material properties of the CNTRC beams are calculated by the rule of mixture
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where the my, 11, and 3 define the CNT efficiency parameters and Wy and ,, are the volume

fractions of CNT and polymer matrix:
Weeeeee + W = 1 3)

The Poisson’s ratio and mass density of the CNTRC beams can be calculated via Poisson’s

ratio of the CNTs (vv¢ececc) and polymer matrix (V) [37]:
W = WigecoeWeeoeee + B (4u)

pp = Weccecepececee + Vinflom (4w)

For the analysis, the following CNT efficiency parameters are used [24]:

Wioee = 0.12; m = 1.2833;m2 = m3 = 1.0556 (5a0)
Wie = 0.17; m = 1.3414;mz = mz = 1.7101 (5b)
Weieee = 0.28; my = 1.3238;m, = mz = 1.7380 (5)

2.2 Material properties of GPLRC beams

GPLRC beams can be defined as a mixture of GPLs and polymer matrix. The layers of the
GPLs which are designed with the same thickness, are perfectly bounded each other. The

volume fractions of GPLs in the forementioned models are given by [21] as shown in Fig. 3;
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where, W% is the total volume fraction of GPLs, (G; (f = 1,2,3,.., ) is the total number of

layers, ppgeeeee 1s the mass density of GPL.

Figure 3 About Here

The effective elastic moduli of a GPL layer can be computed by [21]:
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where, EEGGGGGG is the Young’s modulus of GPL. Mseee0ey bbGGGGGG and ttecoere are the length, width and

thickness of GPL. The aspect and width to thickness ratios of GPL can be expressed by:

6660 @) and
€bbcaacca£GGGGGGi 1 4 (8)
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The Poisson’s ratio and mass density of the GPLRC beams can be calculated via Poisson’s

ratio of the GPL (wg;) and polymer matrix (w,):

W = W (1 — Wegggzs) ~+ Wagagae oo (9an)
pp = ppun (1 — Weggeae) + ogsssueWosooe (9bb)
2.3 Variational Formulation

The following shear and normal deformation theory (SNDT) is used to represent the

displacement field [38-41]:

un (vx, 2z, tt) = UU(xx, 2z, tt) = uu(xx, tt) - ff (z2) (o t) ff (Zz)aaWW”(xx’ t) (10aa)
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i (o, tt) = WW (e, i) = wgy Cax, ) 4w Coy, tt) + fiz (22) wwy, Cax, £t) (100bh)
473 813 4772
fi(z) = IHT () =u— SHT aaedd f3(z) =1 — Pemn (10cc)

where uu, wwy,, wwg aaaadd ww,, are unknowns of the displacement field.

The strains associated with the SNDT are given by:
douu

e = =uw —ffw +ffw” (11aw)
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Constitutive relations between stresses and strains based on the CNTRC and GPLRC beams

can be obtained in the form of:
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Qng( ) = M (12CC)
Q1 -
w2 (z)Q

0044 (zz) = Gby2(22) (12dd)

Using the SNDT given in Eq. (10), the strain energy (UU) is expressed by:

1
uu= 5 © (00,¢e, + 00,65, + (13aa)

O-O-XXZZyyXXZZ)ddVV
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The work (VV') done by the uniformly load q(x) and axial force CCo is given by:
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The kinetic energy (KK) is derived by:
1 L
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where t is the time and the inertial coefficients can be expressed as:

+

(o, I, I, Ji, Jl2, J1s, MKy, KK ) = 0,1 QLA AR B AR R 2 k2@l (16)
7
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2.4 Finite Element Modelling
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The shape functions for the unknown elements of the displacement field; uu(xx, tt), wwp,(xx, tt),
wwis(xx, tt) and ww,,(xx, tt), are determined based on the strain energy function by employing a two-

node beam element in the form of:

4
uu(xx, tt) = @ uw; pgj; (e, (17aa)
jj=1
4
Wwp(xx, tt) Owwbb 0;; (m)eeittt, (17bb)
Jji=1
4
wwg(xx, tt) Owwss 0j; (m)eettet, (17cc)
ji=1
4
ww,,(xx, tt) Owwzz 0p;; (w)eetite, (17dd)
Jji=1

Above, the natural frequency is expressed by ww.

The unknows per element are defined by:

u = Qu, uu(l) w®, uu(z)b (18un)
ji

Wiy = Wiy D, i D, iy 2, gy, D@ (181h)
i XX XX

Wy = OWWSS(l), WWss(l)’ WWss(z): WWss(Z)Q (18CC)
J] XX XX

= @, D, P, (P (184d)
i XX XX

Shape functions of a two-node beam element are:

32 23
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w2 ol
() = =+ (19dd)

To compute the unknown variables, the Lagrange’s equations method is used by using the

energy functional (IT).

[I=UU+VV-KK (20aq)
don gor oo oor (20bb)
ﬁauuU ’ aawwb,,}.}. o 66wwss}.}. o ﬁawwzzﬁ

The equations of motion can be expressed for the developed FEM model by:

(I = (o [66] — w2 [MM]) A} = (FF) (21w)
/[KKll] [fKi2] (KK KKyl [0] [o] [0] [o]
[KK12] [KK22]  [KKy]  [KKa] U [GGzz] [6G23] [0]
[KK131® [Kios]"™  [Kh33]  [Kz4] ~ LG [0]c [6623]" [6633] [0]
01" K )® KKl [Waal]  Lfogec [O]CC [ojec [o]]
Qw9
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where [KKy], [(Gw] and [MMy] are the stiffness, geometric stiffness and mass matrices,

respectively. The nodal force vector is FFy. The mechanical behaviours of the CNTRC and

GPLRC beams can be obtained in terms of displacements, frequencies and buckling loads by
using developed FEM model in Eq. (21). The boundary conditions (BC) can be given by:
Simply Supported (S):

UL = WWpy = WWes = WW,, = 0 aatt xx = 0 aaaadd xx = aa

Clamped (C):

W= Wiy = Wiy = Wiy = Wig e = Wi, = Wiy, = O aatt 1x = O aaaadd 1x = g

3. Numerical Results
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The structural behaviors of CNTRC and GPLRC beams, whose material properties are provided
in Table 1, are investigated by using a SNDT and FEM with respect to various BCs. It should
be noted that CCgq is set to 10 for GPLRC beams. For convenience, the transverse displacements,
bifurcation buckling loads and natural frequencies are expressed by using following
dimensionless formulas:

1008k, 73 . . .
™" §: dimensionless central deflection

DCD @wwé = WW%G)

qq66%

DCBLL =@ _* €:dimensionless critical buckling loads
cece 0 EEymh3

REpQ = 7 PulT=Vhal ). dimensionless natural frequency
EEmn

Table 1 About Here

3.1. Convergence study

The developed FEM model based on a SNDT is evaluated and verified by performing several
convergence and comparison studies. In Table 2, a convergence study for the DCBLs of S-S
CNTRC beams based on the various CNT patterns, namely, UD, O, X and V, is carried by
employing various number of elements (20, 30, 40 and 50) which are distributed uniformly
through the length of the beam. The results are compared with those given by
Wattanasakulpong and Ungbhakorn [29], who used Third-order Beam Theory (TBT) and a
good agreement is seen. It should be noted that the effect of the number of elements employed

in the presented FEM model is not observed in this case.

Table 2 About Here



Second convergence study is carried out by employing X-GPLRC beams for the computation
of DCBLs with respect to various BCs and aspect ratios in Table 3. Again, for the S-S and C-S
GPLRC beams, the effect of employing different number of elements on the DCBL are not
observed. Comparisons performed with the study [21], who used First-order Beam Theory
(FBT), indicate that a very good agreement is detected between the numerical results for both
cases. The convergence and comparison studies indicate that the presented FEM model with 40

elements can yield satisfactory results.
3.2. Results for bending analysis

Tables 4 and 5 show the deflections for various types of CNTRC and GPLRC beams subjected
to a uniform load with different CNT volume fraction W/, , GPL weight fractions Wi,
distribution patterns, and slenderness ratios L//4 . The obtained results for UD-CNTRC S-S
beams are compared with those reported by Wattanasakulpong and Ungbhakorn [29] based on
TBT. An excellent agreement between the results is found for all cases. The effects of IV,
WW 66666 and distribution of CNT and GPL on deflections of beams under a uniform load are shown
in Fig. 4. It can be seen that an increase in V7, and Wi, leads to a reduction of deflection of

the beam. This is due to the fact that increasing the volume fraction of CNTs and weight
fractions of GPL makes the CNTRC/ GPLRC beams stiffer, and consequently, leads to a
reduction of the deflection. The distribution of CNT/GPL reinforcements has significant effects
on the stiffness of CNTRC/GPLRC beams. The deflections of O-beam are greatest and those
of X-beam are smallest for the same amount of VVchcc or WM. This means that the distribution

of CNT/GPL reinforcements is close to the top and bottom are more efficient than that nearby

the mid-plane. Effects of aspect ratio (adggg; /i) and width-to-thickness ratio (bbggggs /teeess )
on the deflections of GPLRC beams are plotted in Fig. 5. As aaggg; /bygees and bhgggegs /toeess increase,

they decrease and become to be constant when byt reaches to 10*. It implies that GPLRC



beams that have a larger surface area and less monolayer graphene exhibit better performance

than others do.

3.3. Results for free vibration and buckling analysis

Tables 6-8 show the comparison of the lowest three dimensionless frequency and the critical
buckling loads of CNTRC and GPLRC C-C beams under an axial compression. The results are
compared with those reported by Yas and Samadi [24] and Wu et al. [18] for natural frequencies
and Wattanasakulpong and Mao [27] and Yang el al. [21] for the critical buckling loads. It
should be noted that all the results from previous studies [18, 21, 24, 27] used FBT. It is reason
why current results are slightly different for thick beams (L /4 =5,10). It can be seen that the
natural frequencies and buckling load increases with the increase of volume fraction of CNTs
for CNTRC beams or GPL weight fractions for GPLRC ones. Similar to the observations in
static analysis, pattern X gives the highest natural frequencies/buckling loads, followed by
patterns U/UD, A, and O/V (Tables 9-11). The natural frequencies and buckling load also
increases with the increase of aaggg; /bbggoe; and bbgge /theoesrs (Fig. 6). These effects become less
pronounced when bbygg [t > 104, which is the same observation with deflections. New

results for both CNTRC and GPLRC beams for various configurations given in Tables 4 and 5,

10-12 can be used for reference as benchmark for future studies.

Finally, the vibration analysis of loaded CNTRC/ GPLRC beams is investigated. Verification
results of the first three natural frequencies of GPLRC C-C beams under an axial compression,
which are given in Table 8, show very good agreement with previous one [18]. The fundamental
frequencies of CNTRC/ GPLRC beams for three cases of loads: tension (CCo/CCcc = —0.5), no
axial and compression (CCo/CC.... = 0.5)are given in Tables 12 and 13. Figs. 7 and 8 show the
relationship between fundamental frequency and axial compressive load. The smallest and

largest curves correspond to O-beams and X-beams. As axial force increases, the natural
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frequencies decrease and vanish at zero when CCo = CC. . It confirms again that the tension force
has a stiffening effect while the compressive force has a softening effect on the natural
frequencies. They increase again when the applied axial compressive load exceeds CC.. -
Vibration mode shapes of X-CNTRC and X- GPLRC C-C beams with three cases of axial load
are plotted in Fig. 9. There is negligible difference between mode shapes in each case. It can be

seen that the shear component is more pronounced for X- GPLRC than X-CNTRC beams.

4. Conclusions

Finite elements solutions to the bending, buckling and free vibration analyses of
CNTRC/GPLRC beams are presented using a normal and shear deformation beam theory. The
numerical results show that increasing the volume fraction of CNTs, GPL weight fraction will
increase the stiffness of CNTRC/GPLRC beams, and consequently, leads to a reduction of
deflections and an increase in buckling loads and natural frequencies. Due to increase in beams’
stiffness, the distribution of CNT/GPL reinforcements is close to the top and bottom are more
efficient than that nearby the mid-plane. This theory is capable of predicting accurately the

responses of thin to thick beams.
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Table 1.

Material and dimensional properties of CNTRC and GPLRC beams

MMaatthlvy: EE,, = 2.5 6G66aa; Wy, = 0.3; ppym = 1190 kkkk /mm3

- FRCcece = - PECCCCC = - fgeeceet =
CNTRC | CCCCCC: EE11 600 G66as; EE22 10 (66Gaa; GG12 17.2 (6GGaa
[24]
GGlz = GGlg; GGz3 = GGlz; WlegCCC = O-lg;ppCCCCCC = 1400 kkkk/mm3
MMaatthlvy: EE,, = 3 G6GGag; Wy, = 0.34; ppyy = 1200 kkkk /mm3
G6GGGG: EEGGGGGG = 1.01 ((GGac; Weeoess — 0.186; Peeeeec = 1062.5 kkkk/mm3
GPLRC
[21] Alggo0c = 25uumm = 2.5010-6mm; bbGGGGGG = 15uumm = 1.5110-6mm

ttocees = 1.5aamm = 1.5010—%mm




Table 2. Convergence studies on the DCBLs and DFFs of S-S CNTRC beams for various
distribution patterns ((6/h = 15, Wy, = 0.12).

Critical buckling loads Fundamental frequencies
Elements UD- O- X- V- UD- O- X- V-
CNTRC | CNTRC | CNTRC | CNTRC | CNTRC | CNTRC | CNTRC | CNTRC
20 0.0984 | 0.0576 | 0.1289 | 0.0923 0.9745 | 0.7452 | 1.1152 | 0.9441
30 0.0984 | 0.0576 | 0.1289 0.0923 0.9745 | 0.7452 | 1.1152 | 0.9441
40 0.0984 | 0.0576 | 0.1289 0.0923 0.9745 | 0.7452 | 1.1152 | 0.9441
50 0.0984 | 0.0576 | 0.1289 0.0923 0.9745 | 0.7452 | 1.1152 | 0.9441
TBT[29] | 0.0984 | 0.0576 | 0.1289 - 0.9745 | 0.7453 | 1.1152 | 0.8441

Table 3. Convergence studies on the DCBLs of X-GPLRC Beam for various BCs and

slenderness ratios ((G; = 10, (G, = o/ (EEmh))

BC | Elements 10 20 L/ 30 40
10 0.0196 | 0.0050 | 0.0023 | 0.0013
20 0.0196 | 0.0050 | 0.0023 | 0.0013
SS 30 0.0196 | 0.0050 | 0.0023 | 0.0013
40 0.0196 | 0.0050 | 0.0023 | 0.0013
FBT [21] 0.0196 | 0.0050 | 0.0023 | 0.0013
10 0.0387 | 0.0103 | 0.0046 | 0.0026
20 0.0386 | 0.0102 | 0.0046 | 0.0026
CS 30 0.0386 | 0.0102 | 0.0046 | 0.0026
40 0.0386 | 0.0102 | 0.0046 | 0.0026
FBT [21] 0.0384 | 0.0102 | 0.0046 | 0.0026
10 0.0710 | 0.0198 | 0.0090 | 0.0051
20 0.0706 | 0.0197 | 0.0089 | 0.0051
cc 30 0.0705 | 0.0197 | 0.0089 | 0.0051
40 0.0704 | 0.0196 | 0.0089 | 0.0051
50 0.0704 | 0.0196 | 0.0089 | 0.0051
FBT [21] 0.0709 | 0.0196 | 0.0089 | 0.0050




Table 4. DCDs of CNTRC beams with different volume fraction, distribution patterns, boundary conditions and slenderness ratios

Beam Wetcccel!  Reference 5-5 cC €5 CF
lt/h=5| 10 15 5 10 15 5 10 15 5 10 15
TBT [29] - 0.7040 | 0.5240 - - - - - - - - -
UD-CNTRC Present (TBT) | 1.6445 | 0.7038 | 0.5240 | 1.0433 | 0.3605 | 0.2087 | 1.2576 | 0.4556 | 0.2904 | 4.4356 | 2.1855 | 1.6998
Present 1.6443 | 0.7038 | 0.5240 | 1.0439 | 0.3606 | 0.2087 | 1.2579 | 0.4557 | 0.2904 | 4.5351 | 2.1856 | 1.6999
O-CNTRC 012 Present 2.1637 | 1.0977 | 0.8978 | 1.3549 | 0.4792 | 0.2993 | 1.6071 | 0.6407 | 0.4510 | 6.3683 | 3.5317 | 2.9710
X-CNTRC Present 1.4964 | 0.5767 | 0.3995 | 0.9674 | 0.3277 | 0.1811 | 1.1678 | 0.4001 | 0.2389 | 3.9989 | 1.7478 | 1.2747
V-CNTRC Present 1.8177 | 0.8785 | 0.6990 | 1.0784 | 0.3953 | 0.2435 | 1.3269 | 0.5253 | 0.3603 | 5.1274 | 2.7802 | 2.2952
TBT [29] - 0.4490 | 0.3440 - - - - - - - - -
UD-CNTRC Present (TBT) | 1.0023 | 0.4490 | 0.3438 | 0.6322 | 0.2201 | 0.1300 | 0.7602 | 0.2824 | 0.1850 | 2.8071 | 1.4085 | 1.1220
0.17 Present 1.0022 | 0.4490 | 0.3438 | 0.6327 | 0.2201 | 0.1300 | 0.7604 | 0.2824 | 0.1850 | 2.8081 | 1.4086 | 1.1221
O-CNTRC Present 1.3210 | 0.7128 | 0.5990 | 0.8020 | 0.2919 | 0.1884 | 0.9578 | 0.4006 | 0.2921 | 3.9497 | 2.3124 | 1.9912
X-CNTRC Present 0.9178 | 0.3661 | 0.2603 | 0.5956 | 0.2015 | 0.1129 | 0.7150 | 0.2484 | 0.1515 | 2.4877 | 1.1206 | 0.8362
V-CNTRC Present 1.1221 | 0.5711 | 0.4663 | 0.6557 | 0.2441 | 0.1543 | 0.8074 | 0.3309 | 0.2339 | 3.2193 | 1.8243 | 1.5389
TBT [29] - 0.3250 | 0.2350 - - - - - - - - -
UD-CNTRC Present (TBT) | 0.7952 | 0.3250 | 0.2346 | 0.5050 | 0.1739 | 0.0987 | 0.6116 | 0.2167 | 0.1343 | 2.1547 | 0.9977 | 0.7556
0.8 Present 0.7951 | 0.3250 | 0.2346 | 0.5052 | 0.1739 | 0.0987 | 0.6117 | 0.2167 | 0.1343 | 2.1554 | 0.9977 | 0.7557
O-CNTRC Present 0.9569 | 0.4798 | 0.3903 | 0.6039 | 0.2121 | 0.1316 | 0.7146 | 0.2821 | 0.1972 | 2.8109 | 1.5414 | 1.2905
X-CNTRC Present 0.7667 | 0.2806 | 0.1860 | 0.4889 | 0.1670 | 0.0906 | 0.5974 | 0.2014 | 0.1163 | 1.9998 | 0.8355 | 0.5861
V-CNTRC Present 0.8630 | 0.4005 | 0.3117 | 0.5151 | 0.1874 | 0.1133 | 0.6352 | 0.2456 | 0.1644 | 2.3983 | 1.2567 | 1.0184




E%' MG HD

Table 5. DCDs of GPLRC beams with different GPL weight fractions, distribution patterns, boundary conditions and slenderness ratios

(CCGG = 10)
ae | Wi 6/h="5 /h =10 i/h =20
U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC | U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC | U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC
0.1 % 12.8174 11.6755 14.3164 13.0320 12.0026 10.7768 13.5732 12.2173 11.7981 10.5513 13.3866 12.0128
SS| 03% 8.5528 7.2042 10.8989 9.1649 8.0092 6.5370 10.4452 8.6215 7.8728 6.3696 10.3312 8.4851
0.5% 6.4175 5.2257 8.8203 7.1735 6.0097 4.6954 8.4948 6.7659 5.9073 4.5624 8.4130 6.6636
0.1 % 5.7562 5.3587 6.3071 5.8314 4.9448 4.4720 5.5576 5.0200 4.7430 4.2501 5.3726 4.8181
CS| 03% 3.8410 3.3896 4.7202 4.0541 3.2996 2.7362 4.2544 3.5127 3.1650 2.5719 4.1406 3.3780
0.5% 2.8820 2.4928 3.7902 3.1439 2.4759 1.9753 3.4519 2.7377 2.3748 1.8448 3.3697 2.6365
0.1 % 3.4149 3.2592 3.6564 3.4578 2.6049 2.3808 2.9012 2.6478 2.4005 2.1578 2.7120 2.4434
CC| 03% 2.2787 2.1179 2.6784 2.4009 1.7382 1.4749 2.2034 1.8606 1.6019 1.3107 2.0854 1.7243
0.5% 1.7097 1.5800 2.1291 1.8607 1.3043 1.0722 1.7814 1.4555 1.2020 0.9423 1.6955 1.3532
0.1 % 42.6311 38.7168 47.7446 43.3609 40.3942 36.2446 45.7061 41.1242 39.8733 35.6544 45.2471 40.6033
CF| 03% 28.4479 23.8074 36.4404 30.5293 26.9551 21.9680 35.1926 29.0370 26.6075 21.5204 34.9243 28.6895
0.5% 21.3461 17.2355 29.5292 239171 20.2259 15.7722 28.6297 22.7975 19.9650 15.4132 28.4418 22.5367




Table 6. Comparisons for the first three natural frequencies of CNTRC beams with different volume fraction, distribution patterns, and boundary
conditions ((t/h = 15)

Beams Weeceee| Reference c-C €5 5-5 CF
Wwq W7 (0103 Wwq (1101 W3 W1 W (0103 Wwq (1101 (0103
UD-CNTRC FBT [24] | 1.5085 | 3.1353 | 4.9979 1.2444 | 3.0159 | 4.9342 | 09753 | 2.8728 | 4.8704 | 0.3764 | 1.7006 | 3.6648
Present 1.5489 | 3.4106 5.3095 1.3025 | 3.1219 5.1310 | 0.9745 | 2.8801 | 4.9291 | 0.3772 | 1.7328 3.7746
X.CNTRC FBT [24] | 1.6000 | 3.2629 5.1514 1.3577 | 3.1817 5.1092 1.1150 | 3.0814 | 5.0695 | 0.4416 | 1.8497 3.8777
Present 1.6591 | 3.5809 | 5.5468 1.4361 | 3.3160 | 5.3652 | 1.1152 | 3.1010 | 5.1691 | 0.4434 | 1.8996 | 4.0280
O-CNTRC 0.12 FBT [24] | 1.3180 | 2.8762 | 4.6840 1.0331 | 2.6814 | 4.5619 | 0.7527 | 2.4562 | 4.4320 | 0.2809 | 1.4266 3.2489
Present 1.2976 | 2.9572 | 4.6444 1.0448 | 2.6584 | 4.4865 | 0.7452 | 2.3961 | 4.2901 | 0.2797 | 1.4073 3.1952
V-CNTRC FBT [24] | 1.4068 | 2.9997 | 4.8363 1.1529 | 2.8472 4.7474 | 0.9453 | 2.6424 | 4.6675 | 0.3193 | 1.5473 3.4380
Present 1.4370 | 3.2472 | 5.1195 1.1891 | 2.9425 | 49218 | 0.9441 | 2.6451 | 4.7113 | 0.3197 | 1.5696 | 3.5286
UD-CNTRC FBT [24] | 1.9144 | 4.0187 6.4348 1.5602 | 3.8402 6.3370 1.1999 | 3.6276 | 6.2363 | 0.4587 | 2.1365 4.6614
Present 1.9556 | 4.3453 6.7802 1.6246 | 3.9580 | 6.5507 | 1.1983 | 3.6291 | 6.2851 | 0.4594 | 2.1681 4.7769
SLCNTRC FBT [24] | 2.0498 | 4.2111 6.6753 1.7188 | 4.0843 6.6094 1.3830 | 3.9293 | 6.5447 | 0.5413 | 2.3437 4.9706
Present 2.0938 | 4.5469 7.0464 1.7955 | 4.1963 6.8200 1.3760 | 3.9095 | 6.5703 | 0.5416 | 2.3778 5.0870
O-CNTRC 0.17 FBT [24] | 1.6500 | 3.6565 5.9970 1.2769 | 3.3772 5.8126 | 0.9155 | 3.0577 | 5.6139 | 0.3394 | 1.7685 4.0913
Present 1.6305 | 3.7681 5.9610 1.2924 | 3.3617 5.7418 | 0.9087 | 2.9988 | 5.4663 | 0.3384 | 1.7502 4.0383
V-CNTRC FBT [24] | 1.7721 | 3.8312 | 6.2139 1.4344 | 3.6064 | 6.0765 | 1.1609 | 3.3084 | 5.9498 | 0.3866 | 1.9287 | 4.3500
Present 1.7994 | 4.1115 6.5107 1.4715 | 3.7049 6.2516 1.1583 | 3.3024 | 5.9728 | 0.3868 | 1.9476 4.4360
UD-CNTRC FBT [24] | 2.1618 | 4.4556 | 7.0745 1.8040 | 43112 | 6.9987 | 1.4401 | 4.1362 | 6.9245 | 0.5612 | 2.4614 5.2446
Present 2.2195 | 4.8445 7.5304 1.8895 | 4.4557 7.2754 | 1.4361 | 4.1341 | 6.9942 | 0.5621 | 2.5072 5.3990
XLCNTRC FBT [24] | 2.3169 | 4.7051 7.4093 1.9813 | 4.6030 | 7.3560 | 1.6493 | 4.4752 | 7.3068 | 0.6586 | 2.6987 5.6150
Present 23121 | 4.9467 7.6652 2.0298 | 4.6028 7.4020 | 1.6113 | 4.3253 | 7.1269 | 0.6528 | 2.6840 5.6111
O-CNTRC 0.28 FBT [24] | 1.9284 | 4.1740 6.7728 1.5229 | 3.9112 6.6127 1.1202 | 3.6056 | 6.4434 | 0.4197 | 2.0993 4.7399
Present 1.9296 | 4.3857 | 6.8776 1.5586 | 3.9486 | 6.6486 | 1.1149 | 3.5665 | 6.3639 | 0.4191 | 2.0970 | 4.7466
V-CNTRC FBT [24] | 2.0504 | 4.3414 6.9783 1.6933 | 4.1393 6.8633 1.4027 | 3.8639 | 6.7618 | 0.4761 | 2.2685 5.0007
Present 2.0766 | 4.6536 | 7.3184 1.7357 | 4.2353 7.0384 | 1.3930 | 3.8299 | 6.7447 | 0.4757 | 2.2854 5.0860




Table 7. Comparisons for DCBLs of CNTRC beams with different volume fraction, distribution patterns, boundary conditions and slenderness

ratios

) C-C C-S S-S C-F
Beams Wtccee | Reference |75 5 15 5 10 15 5 10 15 5 10 15
D CNTRC FBT [24] | 0.3244 | 0271 | 0.2126 | 0.2887 | 0.2115 | 0.1488 | 0.271 | 0.1634 | 0.0983 | - - _
Present | 0.2968 | 0.2798 | 0.2151 | 0.2967 | 0.2271 | 0.1558 | 0.2798 | 0.1642 | 0.0984 | 0.1640 | 0.0631 | 0.0312
 ONTRC FBT [24] | 0.3332 | 0.2931 | 0.2441 | 0.3042 | 0.239 | 0.1804 | 0.2931 | 0.1978 | 0.1283 | - _ -
0.12 | Present | 0.3231 | 0.3075 | 0.2491 | 0.3228 | 0.2601 | 0.1914 | 0.3075 | 0.1999 | 0.1289 | 0.1996 | 0.0862 | 0.0443
o CNTRC FBT [24] | 0.3069 | 0.2252 | 0.156 | 0.2586 | 0.1608 | 0.0992 | 0.2252 | 0.1091 | 0.0587 | - _ _
Present | 0.2725 | 0.2126 | 0.1492 | 0.2601 | 0.1604 | 0.0990 | 0.2126 | 0.1056 | 0.0576 | 0.1055 | 0.0352 | 0.0167
V- CNTRC FBT [24] | 0.2970 | 0.2535 | 0.1822 | 0.2969 | 0.2005 | 0.1293 | 0.2744 | 0.1565 | 0.0923 | 0.1318 | 0.0458 | 0.0220
D CNTRC FBT [24] | 0.549 | 0.4471 | 0.3414 | 0.4829 | 0.3423 | 0.2335 | 0.4471 | 0.2566 | 0.15 - - -
Present | 0.4894 | 0.4591 | 0.3445 | 0.4892 | 0.3656 | 0.2436 | 0.4591 | 0.2575 | 0.1502 | 0.2573 | 0.0949 | 0.0463
 ONTRC FBT [24] | 0.5695 | 0.4911 | 0.3994 | 0.5146 | 0.3935 | 0.2886 | 0.4911 | 0.3167 | 0.1989 | - - _
0.17 | Present | 0.5187 | 0.5011 | 0.3994 | 0.5184 | 0.4187 | 0.3009 | 0.5011 | 0.3152 | 0.1979 | 0.3148 | 0.1303 | 0.0660
o CNTRC FBT [24] | 0.5171 | 0.364 | 0.2437 | 0.4286 | 0.2535 | 0.1515 | 0.364 | 0.1666 | 0.0875 | - _ _
Present | 0.4683 | 0.3485 | 0.2358 | 0.4367 | 0.2552 | 0.1520 | 0.3485 | 0.1628 | 0.0864 | 0.1627 | 0.0522 | 0.0245
V- CNTRC FBT [24] | 0.4907 | 0.4108 | 0.2868 | 0.4905 | 0.3184 | 0.1990 | 0.4495 | 0.2445 | 0.1401 | 0.2029 | 0.0679 | 0.0322
D CNTRC FBT [24] | 0.6504 | 0.5566 | 0.4487 | 0.5854 | 0.4431 | 0.3215 | 0.5566 | 0.353 | 02193 | - - -
Present | 0.6160 | 0.5788 | 0.4551 | 0.6156 | 0.4783 | 0.3384 | 0.5788 | 0.3552 | 0.2197 | 0.3549 | 0.1434 | 0.0720
 ONTRC FBT [24] | 0.6921 | 0.6173 | 0.523 | 0.6366 | 0.51 | 0.3931 | 0.6173 | 0.4309 | 0.2867 | - - -
028 | Present | 0.6554 | 0.6005 | 0.4978 | 0.6549 | 0.5172 | 0.3949 | 0.6005 | 0.4104 | 0.2764 | 0.4098 | 0.1902 | 0.1007
o CNTRC FBT [24] | 0.6424 | 0.4838 | 0.3427 | 0.5468 | 0.351 | 0.2214 | 0.4838 | 0.2434 | 0.1331 | - - -
Present | 0.6139 | 0.4807 | 0.3396 | 0.5854 | 0.3646 | 0.2266 | 0.4807 | 0.2415 | 0.1325 | 0.2414 | 0.0812 | 0.0386
V- CNTRC FBT [24] | 0.6228 | 0.5340 | 0.3922 | 0.6224 | 0.4293 | 0.2840 | 0.5749 | 0.3412 | 0.2064 | 0.2888 | 0.1039 | 0.0503




Table 8. Comparisons for the DCBLs and the first three natural frequencies of GPLRC C-C beams under an axial compression

(WWGGGGGG = 0.3%, CCGG = 10, L/h :10)

CCO/ CCeec=0

CCo/CCocec = 0.25

CCo/CCrie= 0.5

Beams Reference Ner wep i) 003 wep 00 003 wep 00 003
FBT [18] 0.0586 0.8475 2.1546 3.8662 0.7386 2.0051 3.6944 0.6075 1.8421 3.5139
U-GPLRC | Present (TBT) 0.0586 0.8488 2.2000 2.8921 0.7396 2.0505 3.7191 0.6080 1.8879 3.5375
Present 0.0525 0.8104 2.1122 3.7650 0.7060 1.9694 3.6006 0.5804 1.8142 3.4280
FBT [18] 0.0709 0.9293 2.3325 4.1399 0.8103 2.1667 3.9464 0.6668 1.9856 3.7427
X-GPLRC | Present (TBT) 0.0692 0.9186 2.3394 4.0405 0.8008 2.1745 3.8436 0.6590 1.9943 3.6359
Present 0.0623 0.8793 2.2542 3.9239 0.7666 2.0968 3.7376 0.6307 1.9249 3.5410
FBT [18] 0.0458 0.7508 1.9355 3.5171 0.6540 1.8045 3.3692 0.5375 1.6621 3.2142
O-GPLRC | Present (TBT) 0.0462 0.7557 1.9857 3.5866 0.6580 1.8544 3.4386 0.5406 1.7121 3.2838
Present 0.0413 0.7201 1.9011 3.4581 0.6270 1.7759 3.3171 0.5151 1.6401 3.1695
FBT [18] 0.0543 0.8164 2.0835 3.7512 0.7114 1.9401 3.5876 0.5849 1.784 3.4158
A-GPLRC | Present (TBT) 0.0544 0.8175 2.1246 3.7749 0.7122 1.9812 3.6102 0.5853 1.8252 3.4372
Present 0.0491 0.7831 2.0453 3.6593 0.6821 1.9079 3.5021 0.5607 1.7586 3.3370



https://www.sciencedirect.com/topics/engineering/axial-compression

Table 9. DFFs of CNTRC beams with different volume fraction, distribution patterns, boundary conditions and slenderness ratios

* C-C cs S-S C-F
Beams e /=51 10 15 5 10 15 5 10 15 5 10 15

UD-CNTRC 20734 | 17613 | 1.5489 | 1.8769 | 1.5588 | 13025 | 1.6430 | 1.2582 | 0.9745 | 0.7728 | 05191 | 03772
XONTRC | [ 21564 | 18459 | 16591 | 1.9489 | 16634 | 14361 | 1.7230 | 1.3890 | 11152 | 0.8352 | 0.5936 | 0.4434
ocNtRe | 12 18132 | 15303 | 12976 | 1.6579 | 13146 | 1.0448 | 1.4300 | 1.0082 | 0.7452 | 0.6373 | 03969 | 0.2797
V-CNTRC 2.0400 | 1.6850 | 14370 | 1.8354 | 14685 | 1.1891 | 1.6270 | 1.2290 | 0.9441 | 0.7108 | 04501 | 0.3197
UD-CNTRC 26500 | 22455 | 19556 | 2.4029 | 1.9716 | 1.6246 | 2.0950 | 1.5688 | 1.1983 | 0.9718 | 0.6383 | 0.4594
XONTRC | [ 27344 [ 23441 | 20038 | 24794 | 2.1023 | 17955 | 2.1901 | 1.7363 | 13760 | 1.0502 | 0.7324 | 0.5416
o-cNtRe | 17 723460 | 1.9542 | 1.6305 | 2.1379 | 1.6551 | 12924 | 1.8221 | 1.2462 | 0.9087 | 0.7972 | 0.4841 | 0.3384
V-CNTRC 26043 | 2.1363 | 1.7994 | 2.3437 | 1.8447 | 14715 | 2.0729 | 1.5291 | 1.1583 | 0.8860 | 0.5489 | 0.3868
UD-CNTRC 29427 | 25009 | 22195 | 2.6558 | 22296 | 1.8895 | 2.3314 | 1.8259 | 1.4361 | 1.1122 | 0.7649 | 0.5621
X-CNTRC 29963 | 25507 | 23121 | 2.6890 | 2.3128 | 2.0298 | 2.3756 | 1.9635 | 1.6113 | 1.1710 | 0.8580 | 0.6528
ocntRC | 028 26789 | 22683 | 1.9296 | 24526 | 1.9542 | 1.5586 | 2.1213 | 1.5043 | 1.1149 | 0.9484 | 0.5937 | 0.4191
V-CNTRC 20151 | 24131 | 20766 | 2.6167 | 2.1176 | 1.7357 | 2.3233 | 1.7901 | 1.3930 | 1.0312 | 0.6650 | 0.4757
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Table 10. DFFs of GPLRC beams with different GPL weight fractions, distribution patterns boundary conditions and slenderness ratios

5 | Wi t6/h=5 i6/h =10 i6/h = 20
U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC | U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC | U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC
01% | 05816 0.6096 0.5501 0.5807 0.3042 0.3211 0.2861 0.3037 0.1540 0.1628 0.1446 0.1537
SS | 03% | 0.7120 0.7764 0.6304 0.7073 0.3725 0.4123 0.3262 0.3698 0.1885 0.2096 0.1646 0.1872
05% | 0.8221 0.9119 0.7008 0.8131 0.4301 0.4865 03617 0.4251 0.2177 0.2477 0.1824 0.2151
01% | 0.8624 0.8950 0.8230 0.8566 0.4688 0.4931 0.4421 0.4653 0.2400 0.2535 0.2255 0.2381
csS | 03% 1.0559 1.1269 0.9504 1.0268 0.5740 0.6306 0.5053 0.5563 0.2938 0.3260 0.2569 0.2845
0.5% 1.2192 1.3151 1.0602 1.1654 0.6627 0.7424 0.5610 0.6303 0.3392 0.3849 0.2848 03222
0.1% 1.1456 1.1726 1.1071 1.1383 0.6619 0.6922 0.6273 0.6565 0.3460 0.3649 0.3256 0.3430
cC| 03% 1.4026 1.4546 1.2935 1.3654 0.8104 0.8793 0.7201 0.7831 0.4237 0.4682 0.3714 0.4083
0.5% 1.6195 1.6841 1.4508 1.5504 0.9357 1.0312 0.8010 0.8854 0.4891 0.5523 0.4119 0.4609
01% | 02151 0.2265 0.2026 0.2132 0.1097 0.1159 0.1030 0.1087 0.0551 0.0583 0.0517 0.0546
CF| 03% | 02633 0.2901 0.2313 0.2538 0.1343 0.1491 0.1173 0.1293 0.0674 0.0750 0.0588 0.0650
05% | 03040 0.3418 0.2567 0.2865 0.1550 0.1761 0.1301 0.1459 0.0779 0.0887 0.0652 0.0733
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Table 11. DCBLs of GPLRC beams with different GPL weight fractions and distribution patterns, boundary conditions and slenderness ratios.

L1122

ONNcccc =W ——

EEmmhh330
BC| Wil {/h=5 (6/h =10 G/h =20
U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC | U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC | U-GPLRC | X-GPLRC | O-GPLRC | A-GPLRC
0.1 % 0.9848 1.0809 0.8818 0.9689 1.0656 1.1867 0.9424 1.0470 1.0879 1.2165 0.9589 1.0685
SS | 03% 1.4759 1.7514 1.1586 1.3789 1.5969 1.9561 1.2247 1.4840 1.6304 2.0150 1.2425 1.5128
0.5% 1.9670 2.4143 1.4317 1.7630 2.1283 2.7230 1.5060 1.8914 2.1728 2.8131 1.5258 1.9265
0.1% 1.8312 1.9760 1.6646 1.8083 2.1259 2.3546 1.8889 2.0952 22141 2.4720 1.9538 2.1807
CS| 03% 2.7443 3.1402 22167 2.6044 3.1860 3.8559 2.4648 2.9992 3.3180 4.0875 2.5344 3.1160
0.5% 3.6576 42822 2.7565 3.3623 4.2460 5.3476 3.0363 3.8536 4.4219 5.7005 3.1137 3.9982
0.1% 3.0494 3.2132 2.8336 3.0112 3.9631 4.3485 3.5498 3.8986 4.2800 47659 3.7854 4.2049
CC| 03% 4.5702 4.9753 3.8513 43352 5.9392 7.0434 4.6648 5.5470 6.4140 7.8553 49197 5.9588
0.5% 6.0913 6.6908 4.8360 5.5922 7.9154 9.7073 5.7652 7.0902 8.5481 10.9347 6.0496 7.5931
0.1% 0.2679 0.2982 0.2370 0.2632 0.2729 0.3051 0.2405 0.2680 0.2740 0.3067 0.2413 0.2691
CF| 03% 0.4015 0.4915 0.3081 0.3729 0.4089 0.5053 0.3117 0.3793 0.4106 0.5086 0.3124 0.3808
0.5% 0.5350 0.6840 0.3789 0.4752 0.5450 0.7053 0.3828 0.4830 0.5472 0.7106 0.3835 0.4848
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Table 12. DFFg2 of CNTRC beams under an axial load with different volume fraction, distribution patterns and boundary conditions ((6/h = 10)
11-wv

ONNcccc = NNOOEE 0

S-S C-S C-C

Beams Wesceee | DCBL c_co/%ccsm 0 05 DCBL CCo/CCeee 0 0.5 DCBL c_co/%cgm 0 0.5

V-CNTRC 0.1565 1.5051 1.2290 0.8692 0.2005 1.7834 1.4685 1.0530 | 0.2535 2.0405 1.6850 | 12154
O-CNTRC 0.1056 1.2348 1.0082 0.7130 0.1604 1.5952 13146 0.9439 | 0.2126 1.8527 15303 | 1.1051
X-CNTRC 012 =5 1999 1.7012 1.3890 0.9822 0.2601 2.0211 1.6634 1.1934 | 0.3075 2.2374 1.8459 | 13303
UD-CNTRC 0.1642 1.5410 1.2582 0.8897 0.2271 1.8931 1.5588 1.1188 | 0.2798 2.1341 17613 | 12700
V-CNTRC 0.2445 1.8725 1.5291 1.0813 0.3184 2.2401 1.8447 13228 | 0.4108 2.5864 21363 | 1.5412
O-CNTRC 0.1628 1.5262 1.2462 0.8812 0.2552 2.0081 1.6551 1.1881 | 0.3485 2.3649 1.9542 | 1.4119
X-CNTRC 017 703152 2.1266 1.7363 1.2277 0.4187 2.5538 2.1023 1.5086 | 0.5011 2.8410 2.3441 1.6897
UD-CNTRC 0.2575 1.9214 1.5688 1.1094 0.3656 2.3938 1.9716 14152 | 0.4591 2.7202 22455 | 1.6197
V-CNTRC 0.3412 2.1922 1.7901 1.2660 0.4293 2.5723 2.1176 15184 | 0.5340 2.9227 2.4131 1.7400
O-CNTRC 0.2415 1.8424 1.5043 1.0637 0.3646 23714 1.9542 14033 | 0.4807 2.7464 22683 | 1.6380
X-CNTRC 028 52104 2.4048 1.9635 1.3884 0.5172 2.8108 2.3128 1.6587 | 0.6005 3.0918 25507 | 1.8377
UD-CNTRC 0.3552 2.2363 1.8259 1.2911 0.4783 2.7082 2.2296 1.5999 | 0.5788 3.0305 25009 | 1.8028
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Table 13. DFFs of GPLRC beams an axial load with different GPL weight fractions, distribution patterns and boundary conditions (i(/h = 10)

S-S C-S C-C

Beams WWegeees| DCBL CCo/CCoe = ~05 0 0.5 DCBL C_C‘Z%Cg”“ 0 0.5 DCBL c_c%cgw 0 0.5

U-GPLRC 1.0656 0.3727 0.3042 0.2150 2.1259 0.5707 0.4688 0.3340 3.9631 0.8025 0.6619 0.4740
X- GPLRC 1.1867 0.3932 0.3211 0.2270 2.3546 0.6000 0.4931 0.3515 43485 0.8389 0.6922 0.4960
O- GPLRC 0.1% 00424 0.3504 0.2861 0.2022 1.8889 0.5383 0.4421 0.3149 3.5498 0.7610 0.6273 0.4490
A- GPLRC 1.0620 0.3721 0.3037 0.2146 2.0952 0.5664 0.4653 0.3314 3.8986 0.7960 0.6565 0.4700
U-GPLRC 1.5969 0.4562 0.3725 0.2634 3.1860 0.6987 0.5740 0.4089 5.9392 0.9826 0.8104 0.5804
X- GPLRC 1.9561 0.5050 0.4123 0.2915 3.8559 0.7673 0.6306 0.4496 7.0434 1.0650 0.8793 0.6307
O- GPLRC 0.3% M 247 0.3994 0.3262 0.2308 2.4648 0.6152 0.5053 0.3600 4.6648 0.8738 0.7201 0.5151
A- GPLRC 1.5743 0.4529 0.3698 0.2616 2.9992 0.6773 0.5563 0.3963 5.5470 0.9497 0.7831 0.5607
U-GPLRC 2.1283 0.5266 0.4301 0.3042 4.2460 0.8067 0.6627 0.4722 7.9154 1.1345 0.9357 0.6701
X- GPLRC 2.7230 0.5959 0.4865 0.3440 5.3476 0.9032 0.7424 0.5295 9.7073 1.2487 1.0312 0.7401
O- GPLRC 0-5% 5060 0.4431 0.3617 0.2557 3.0363 0.6831 0.5610 0.3995 5.7652 0.9722 0.8010 0.5727
A- GPLRC 2.0790 0.5206 0.4251 0.3005 3.8536 0.7673 0.6303 0.4490 7.0902 1.0738 0.8854 0.6338
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Figure 1. Geometry and co-ordinates of the studied beam
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