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Abstract

This paper presents a comprehensive study on bending, vibration and buckling behaviours of the multi-
directional FG microplates. The material properties vary continuously both in-plane and through-
thickness directions. Based on a quasi-3D shear and normal deformation plate theory and the modified
strain gradient theory, a finite element model is proposed and employed to solve the problems of the
multi-directional FG microplates with various boundary conditions. The verification is performed by
comparing the numerical results with those from the previous studies. A number of numerical
examples on the multi-directional FG microplates with nine boundary conditions and power-law index
have been carried out. The effects of three material length scale parameters, aspect ratio, gradient
indexes in spatial directions and boundary conditions on the displacements, natural frequencies and
buckling loads of 1D, 2D and 3D-FG microplates are investigated in details. Some new results, which
are not available in open literature, are provided as references for the future studies.
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1. Introduction

Functionally graded materials (FGMSs) have been used for micro/nano structures and their responses
are size-dependent, which implies that classical elasticity theories fail to capture ([1- 3]). In order to
solve these problems, various size-dependent elasticity theories are proposed, and their comprehensive
review can be found in Ref. [4]. Among them, two theories, namely the Modified Couple Stress Theory
(MCST) [5] and Modified Strain Gradient Theory (MSGT) [6] and are the most popular and widely
used for the microstructures. It should be noted that the MSGT with three material length scale
parameters (MLSPs), which are related to dilatation gradient, deviatoric gradient and symmetric
rotation gradient tensors, is more general and complicated than the MCST with only one MLSP
associated with rotation gradient. Moreover, the MSGT can be recovered to the MCST if the last two
MLSPs are vanished. Besides, MSGT can give better prediction for very small plates at micron scale,
especially when thickness is the same with MLSP. Due to this reason, the MSGT combined with the
Classical Plate Theory (CPT), and First-order Shear Deformation Theory (FSDT) as well as several
Higher-order Shear Deformation Theories (HSDTS) including Refined Plate Theory (RPT) and Third-
order Shear Deformation Theory (TSDT) are employed by many researchers when dealing with the
FG microplates. Mirsalehi et al. [7] developed CPT model to solve stability and dynamic responses of
the FG microplates. The flexural response of the isotropic microplates was investigated using the
extended Kantorovich technique and CPT by Movassagh and Mahmoodi [8]. Li et at. [9] developed
strain gradient model using the neutral surface approach to provide bending solutions of bi-layered
microplate. Kandaz and Dal [10] proposed different strain gradient finite element models to study the
flexural responses of the isotropic microplates. Borjalilou and Asghari [11] investigated the effects of
the small-scale on the thermoelastic damping for the isotropic microplates by using the CPT. By using
the FSDT, Jiang and Wang [12] investigated the natural frequencies of the FG microplates. This theory

was employed by Ashoori and Mahmoodi [13] to reveal a nonlinear strain gradient isotropic plate



formulation. Mohammadimehr et al. [14] employed generalized differential quadrature technique to
investigate the dynamic stability of the annular carbon nanotube reinforced composite facesheets
sandwich plates. The structural behaviours of the graphene nanoplatelets reinforced imperfect annular
FG microplates were studied by using the FSDT and differential quadrature method [15].
Ghalebahman et al. [16] explored the natural frequencies of the composite micro-panels reinforced by
boron nitride nanotubes considering the effect of an elastic foundation. Ansari et al. [17] proposed the
FSDT model for thermal buckling of rectangular and later circular/annular FG microplates [18].
Shenas and Malekzadeh [19] focused on vibration responses of the FG quadrilateral microplates in
thermal environment. In order to obtain more accurate results for the thick plates and ignore the shear
correction factor in the FSDT, HSDTs are widely used. Sahmani and Ansari [20] derived the Navier
solution for free vibration behaviour of the FG microplates. Zhang et al. ([21], [22]) used the TSDT to
investigate structural responses of the FG square microplates with simply supported boundary
conditions and later FG circular/annular microplates. Hughes et al. [23] proposed the Isogeometric
analysis (IGA), which is employed by numerous researchers [24-32]. Thai et al. [26] developed IGA
model based on the TSDT for linear analysis and later extended to transient analysis [27] and post-
buckling behaviour [28] of the FG microplates. Thai et al. ([29], [30]) proposed a size-dependent IGA-
RPT model for structural analyses of the FG sandwich microplates and FG-CNTRC microplates.
Farzam and Hassani [31] used IGA-RPT to obtain deflections and buckling loads of the FG microplates
under thermal conditions. Nguyen et al. [32] developed extended IGA for vibration of cracked FG
microplates. Akgoz and Civalek [33] performed the mechanical analysis of the isotropic microplates
using a sinusoidal plate theory. Li et al. [34] carried out analysis to explore the stability of the organic
solar cell resting on an elastic foundation using a TSDT. The stability responses of the FG GNPs
reinforced microplates were revealed by Arefi et al. [35] with the inclusion of the thermal effects. It

should be mentioned that all of the above studies [12-35], the transverse displacement is assumed to



be constant and thus only shear deformation effect is considered, which means that normal deformation
or thickness stretching effect is neglected. Carrera et al. [36] clearly identified the importance of this
effect for the thick FG plates and concluded that it cannot be ignored. There are some studies taken
into account both shear deformation and normal strain effects, which also called quasi-3D shear
deformation theories, but limited to the MCST ([37]-[42]). Most of the above studies ([7]-[42])
reported on the FG microplates whose material distributions are assumed to be through-thickness (1D).
Nowadays, many applications are demanding multi-directional FG structures whose material
properties change in two or more directions [43]. This topic has attracted an increasing interest from
researchers, who investigated the structural responses of the FG plates with in-plane (2D) and 3D
stiffness variations ([44-67]). More details related to each paper can be found in recent review by
Ghatage et al. [43]. Although there is large amount of studies on this topic, the only very few works
dealing with 2D FG microplates but again limited to the MCST. Farzam and Hassani [68] proposed an
IGA-RPT for linear analysis of in-plane FG porous microplates. Bakhsheshy and Mahbadi [69] derived
Navier solution to study vibration of 2D FG microplates subjected to temperature distribution using
the TSDT. It is clear that there is a gap related to the size-dependent behaviour of the multi-directional
FG microplates using a quasi-3D shear deformation theory via the MSGT and finite element model
(FEM), which are the main contributions of this paper.

In this work, a quasi-3D shear deformation theory and the MSGT is employed to study the size-
dependent effects of the multi-directional FG microplates. The material properties vary continuously
both in-plane and through-thickness directions. By considering both shear and normal deformation
effects, the governing equations are derived and solved via FEM. A comprehensive study on the static,
vibration and buckling behaviours of 1D, 2D and 3D-FG microplates is carried out. The verification

is performed by comparing the numerical results with those from the MCST/MSGT. The effects of



material inhomogeneity, MLSPs, aspect ratio, gradient index, boundary conditions on the results are
discussed.

2. Theoretical Formulation

A multi-directional FG microplate with its dimensions is illustrated in Fig. 1. E,p and v are the
Young’s modulus, mass density and Poisson’s ratio of the plate, respectively. The effective material

properties of 3D-FG microplate can be described by:

P(x,y,z) = P,V,(x,y,2z) + P,V,(x,y,2) (D

P; and P, indicate the material properties. V; and V,, are the volume fractions of ceramic and metal and

given by:
Vi(x,y,2) + V2 (x,y,2) = 1 (2a)
ne =" G G5 @

where p,, p, and p, are the associated gradient indexes in the x-, y and z-direction. It should be noted
that the in-plane material inhomogeneity (2D-FG) is achieved by p, = 0, while through-thickness one

(1D-FG) is obtained by setting p, = p,, = 0.
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Figure 1. Multi-directional FG microplates with geometry and co-ordinate system



By using the Egs. (1) and (2), the effective material properties can be obtained:

By s =E-E) () Q) +2) +En

vy = e v ()7 Q) 5+2) + v

0. = =) (5 ) (5+2) + o

(3a)

(3b)

(3¢c)

By considering both shear and normal deformation effects, the following displacement field is used to

investigate the structural responses of the multi-directional FG microplates [42]:

ul(err t) = U(x:)I:Z: t) = u(x’y’ t) -

32 ox 3z 7 ox

=u- leb,x - fZWs,x

473 dwy(x,y,t) <4Z3 ) ows(x,y,t)
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3h2 ay 32 2] oy
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2

4z
us(x,z,t) =W(x,y,zt) =wp(x,y,t) + wg(x,y,t) + <1 - ?> w,(x,y,t)

= wp +ws + faw,
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(4a)

(4b)

(40)

In the displacement field, the in-plane displacements are presented by u and v. Besides, the vertical

displacement is given by three components, namely, bending, shear and normal deformations which

are wy, ws and w,, ,respectively. 1, f> and fs are the transverse shear and transverse normal strain shape

function, respectively. If one sets f; = 0, the Third-order Shear Deformation Theory (TSDT) is

obtained.

By using the MSGT [6], the strain energy (U) of the multi-directional FG microplates can be

expressed:



1 . .
U= EJ. (Gijeij +myixi; + G + Tijknijk)d v, i,j,k=123 (5)
14

where g;; and ¢;; are the stress and strain tensors; m;;, {; and 7;;; are the higher order stress tensors

and y;;, k; and n;;, are the symmetric curvature, dilatation gradient and deviatoric stretch gradient

tensors, respectively.

Based on the displacement field (uq, u,, u3), the strain tensors can be presented as follows:

1 (0w N ou; 6
gij - 2 ax] axl- ( a)
1 0%u, 0%u,
Xij =7 eimn% + ejmn% (6b)
0€mm
K = ox; (6¢)

1 aejk aeki aeij
Mijke = §<6xi + 0x; + 0xy

1 de 0&mrk de 0&m; de 0&mi
15[ i\ Gxy 2] T\ ax, T2, T\ oy, T2k, )| (P
where e;;;, and §;; denote the permutation symbol and Kronecker delta, respectively.

Constitutive relations between stress and strain tensors:

o= (viym) o [Tty i) 5 re)

where ¢,, ¢, and £ are the MLSPs related to the dilatation gradient, deviatoric stretch gradient and

symmetric curvature, respectively. If one assigns £, = £3 = 0, the MCST formulation is achieved.

The only nonzero strains can be obtained:
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The components of the strain tensor associated with the higher order stress can be given by using

Eq.(6):
1

Xxx E[(1+f1)wbxy+(1+f2 )sty+f3szy]
1

Xyy = E[ (1 + fl )bey (1 + fZI)Ws,xy - f3Wz,xy]

Axy

Xyz

Xxz =

1
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K, = —

nxxx

flle,yy - flIWb,xx - fZIWs,xx - fZIWs,yy + f3”Wz (9g)

1 n n
= E [zu,xx - u,yy - 217,xy + fl Wpx — 2leb,xxx + 3f1Wb,xyy + fz Wex — 2f2Ws,xxx
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1
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1 ! ! ! ! n
A [(Zfl —Dwpax + 2fi — 1)Wb,yy + (2f; = Dwsrx + 2fs — 1)Ws,yy + 2f5 w,

- f3 (Wz,xx + Wz,yy)] (9l)

1
= E [4u,yy - 3u,xx + 817,xy + leWb,x + 3f1Wb,xxx - 12f1Wb,xyy + fZHWs,x + 3f2Ws,xxx

- 12f2Ws,xyy - 2f3,Wz,x] (9m)

1
E [_Bu,xx —Uyy — Zv,xy - 4'flqu,x + 3f1Wb,xxx + 3leb,xyy - 4'fZHWs,x + 3f2Ws,xxx

+ 3f2Ws,xyy + 8f3’Wz,x] (97’1)

E [8u,xy - 3v,yy + 417,xx + fluwb,y - 12f1Wb,xxy + 3f1Wb,yyy + fZHWs,y - 12f2Ws,xxy

+ 3f2Ws,yyy - 2f3,WZ,y] (90)

1
= E [_Zu,xy - 317,yy —Vxx — 4'flqu,y + 3f1Wb,xxy + 3leb,yyy - 4'fZHWs,y + 3fZWs,xxy

+ 3f2Ws,yyy + 8f3,WZ,y] (9p)



1 ! ! ! ! n
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1 14 ! !/ !/ 144
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1 , ,
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Constitutive relations between stress and strains of the multi-directional FG microplates:
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where C;; are given by:

E(x,y,z)(l - v(x,y,z))

Cll(xryiz) = C22(ny'Z) = C33(x,y,z) = (1 _ ZU(X,y,Z))(l + v(x,y,z)) (110,)
~ ~ ~ E(x,y,2)v(x,y,2)
C12(x%,y,2) = C13(x,y,2) = Cp3(x,y,2) = (1=2v(x,y,2)(1 + v(x,y,2) (11b)
E(x,y, 2)
C44(X,y,Z) = C55(X,y,Z) = 666(x'y' Z) = (11C)

21+ v(x,y,2))

Based on the displacement field given in Eq. (4), the following expression of ‘U can be derived:

1
U= Ef [C11{5>%x + 33213/ + gzzz} + chz{gxxgyy + Eyy€zz + <(—‘xxgzz} + C44{)/9?y + y)?z + V)gz}

%4
+ QulXEe + X3y + 20z Xz + 2Xny Xy + 2Xzy Xy} + Q{2 + v + VE}
+ QuiMxx” + Myyy? + M2zz” + 3Myysa® + 350" + 3Ny ® + 305507 + 31,
+ 31y, + 67,2 | AV (12)
where
E(x,vy,2)f 2
Q, = % (13a)
_Exy2)8,°
EERTeT) )

B E(x,y,2)¢5°

= - ° 13
T 1+ v(x,y,2) (13c)

The kinetic energy (K) for the multi-directional FG microplates is then obtained as

11
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Il
N =

f p[{(u)z + (fl)z(wb,x)z + (fz)z(ws,x)z - 2fl‘l:“/.vb,x - Zfzuws,x + Zflfzwb,st,x}
14

+ {(1.7)2 + (fl)z(wb,y)z + (fz)z(ws,y)z - zflvwb,y - Zfszs,y + Zflfzwb,yws,y}
+ {(Wb)z + (Ws)z + (f3)2(wz)2 + Zwas + 2f3waZ
+ 2f3 W, }]dV (14)

where an over dot denotes time derivative.

The potential energy (V) by the external forces can be given by:

1 ow,\ > ow.\ > w2 dw,, dw, ow,, dw. ow, ow
V:-EIIN,C{( b) +< S) +< Z) +2—L2—Z24p B _Z4p Z+}
A

0x 0x 0x Ox 0Ox Ox O0x Ox 0Ox

awy 2 dwg 2 aw, 2 owy, 0wy dwy, dw, dwg 0w,
N (—) 2 2 2
+ y{(@y) +<6y> + oy * dy 6y+ dy 6y+ dy dy

owy, 0wy, 0wy, 0wy 0w, 0w Odwg 0wy 0dwp, 0w, 0w, dw,
dx 0dy dx dy dy Odx  0dx Oy dx dy Ox 0dy

+ 2ny{

¢ Wz 0wz | Ow; 0wy | OW; aWS} dA j +ws + dA (15
dx dy dx dy  Ox Oy q(wptws + f3(2)w;) (15)
2

where q is the distributed load and N,, N, and N,, can be described as in-plane loads. Three cases
are considered for stability analysis including uniaxial load: N, = y;N, and biaxial loads: N, =

Y1No, Ny =y, N, as well as shear load: N, = y3N, where y4,y, and y5 are the coefficients.
3. Strain Gradient FEM Formulation

By using the conforming shape functions, the displacement functions u(x, y, t), v(x, y,t), wy (x, y, t),
ws(x,y,t) and w,(x,y,t) can be expressed via natural frequency (w), nodal displacements

(uj,vj,wbj,wsj,wzj) and interpolation functions (¢;):

12
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ux,y,t) = z u;p;(x, y)e'",

j=1

16

v(x, Y, t) = Z Uj(pj(x! Y)eiwt,

j=1

16
wp(x,y,t) = Z wp ;0 (x, y)e'r,

j=1

16
Ws(x, Y t) = Z WSj(pj(xi )’)eiwt»
=1

16
w, (x, V t) = z WZ]-(P]'(X, y)eiwt,

j=1

where

W = [u, Uy, Uy ]

vy = (1,000, U]

Wy, = [Wb, Wp.x» Wh,y» Wb,xy]
Wy = oW W ]

WZj = [Wzr Wz x) Wz y) Wz,xy]

The interpolation functions for a conforming element can be given by using the

coordinates (¢,9):

1
0j =1+ §)" (56 = 2)(0 +9,) (99, - 2),
1
0 =165+ §) (1-¢5)(® +9) (89 - 2),

1
0= 1e8(E+ §)" (56— 2)(9 +9)"(1 - 99)),

j=1,5913
j=2,61014
j=3,7,11,15

(16a)

(16b)

(16c)

(16d)

(16e)

(17a)
(17b)
(17¢)
(17d)
(17e)

natural

(18a)

(18b)

(18¢)
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1
0= 16596+ ) (1-¢6)(0+8)° (1-98), j=481216 (184)

By using the Lagrange’s equations, governing equations for static, vibration and buckling analysis can
be obtained through total energy functional (I1):
N=U+V-K (19a)

ol o (ol _ 0 19
where q; representing the values of (w;, v;, Wp s Ws j W),

Eq. (19) leads to the following equation, which uses to determine the displacements, frequencies and

buckling loads:

/_[Kn] [Ki2]  [Ki3]  [Kia]  [Kis] r[o] [o] [o] [0] [0] 7
| [Ki2l"  [Kal  [Kasl  [Kaal  [Kas] [oj" [o] [0l [o] [0]
| [Ki3)" [K23]" [Kss]l  [Ksal [Kssl{—Noj[01" [01" [Gss] [Gaa] [Gas]
| (K" [(K2al” [K3ad"  [Kaal  [Kys] [01" [0]" [G34]" [Gaal [Gus]
\-[Kls]T [Kas]"  [Kss]"  [Kus]'  [Kss] [0]" [0]" [Gas]” [Gas]' [Gss]
BUR
(Ml [M] M) Myl [My] Ev’i \ RN
[M12]" [Mpa]  [My3]  [Mays]  [Mas] ! | {0}
—w?[[My3]" [My3]"  [Mss]  [M3s]  [Mss] <{Wb1'}> |= {Fs}; (20
[M1a]" (Ml [Ms3a]" [Mas]  [Mys] {WS].} | t{F4}J
(M5 (Mol M5l (M) [Mss] / )
L{WZJ}J

where [Ky; ], [My;] and [Gy;] are the stiffness, mass and geometric stiffness matrices and F; is the nodal
force vector, respectively.

Nine BCs are considered in Fig. 2 and given below:
Simply Supported (S):
USV=W, =Wyy = Wy =W, =W, =W,, =0atx=0andx=a

US V=W =Wpy = Wg=Ws, =W, =W, =0aty=0andy =a

Clamped (C):

US V=W, =Wpy =Wpy = Wy =Wgy =Wy =W, =W, =Wy, =0atx=0,aandy =0,a

14
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4. Numerical Examples

In this section, a comprehensive study on the structural analysis of 1D, 2D, and 3D-FG microplates
made of Al/Al;Oz is presented to illustrate convergence and validate the accuracy of the proposed
strain gradient FEM model. Material properties are given by (Al: E,, = 70 GPa , v,, = 0.3, p, =
2702 kg/m3; Al,05:E. = 380 GPa, v, = 0.3, p. = 3800 kg/m?3).Nine boundary conditions
(BCs) given in Fig. 2 are considered. All three MLSPs have the same value £ = ¢, =¥, = ¥; =

15 um. The following non-dimensional frequencies, buckling load and displacement parameters are

used:
DFF: A = 0a’ |pe 21
A== g (21a)
a2
DCBL Ncr = NO W (Zlb)
10E.h3
DCD:w =w 7 (21¢)
qa

4.1 Convergence study
A SUS304/Si3sN4 2D-FG plates with various BCs (SSSS, CCCC, SCSF and SSSC) are considered to

study the convergence characteristics of the present solution method. The material properties are given
by (SUS304: E,,, = 201.04 GPa , v,, = 0.3262, p,,, = 8166 kg/m3; SizN,: E, = 348.43 GPa, v, =
0.24, p. = 2370 kg/m?3). The results are obtained in Tables 1 and 2 by using various uniform mesh
sizes (4x4, 6x6, 8x8 and 10x10). It can be seen that they converge gradually with increase in number
of elements and they are in excellent agreement with open literature [56, 57], who used IGA-RPT
(e, = 0). It is also observed that the present theory associated with the normal deformation effect
produces results which are slightly different from ones without it. The mesh size (10x10) is used in the

following numerical examples.

16



2 2
Table 1. Convergence study on the DFFs (Q = a)%\/‘;z) and DCBLs (Ncr =N, HZD ) of the
3
SUS304/SisN4 2D-FG square plates for various BCs, p, and p,,. (a/h = 10, D, = 12‘(5;:2))
Number of p Dy
BCs Theory Element Y 0 ‘ 05 1 | 5
DFF
Present - ¢, # 0 4x4 2.2993 1.5837 1.3430 1.1602
6x6 2.3051 1.5869 1.3452 1.1615
8x8 0 2.3054 1.5866 1.3446 1.1606
10x10 2.3049 1.5859 1.3438 1.1597
IGA - RPT ([57]) 2.2824 | 15657 | 1.3269 | 1.1448
Present - e, # 0 4x4 1.5360 1.3010 1.1895 1.0890
6X6 1.5393 1.3036 1.1914 1.0902
8x8 0.5 1.5395 1.3034 1.1910 1.0894
10x10 1.5392 1.3028 1.1903 1.0886
SSSC IGA - RPT ([57]) 1.5255 1.2882 1.1761 1.0744
Present-¢, # 0 4x4 1.3010 1.1792 1.1147 1.0516
6x6 1.3037 1.1815 1.1165 1.0527
8x8 1 1.3038 1.1813 1.1160 1.0520
10x10 1.3036 1.1808 1.1154 1.0512
IGA - RPT ([57]) 1.2945 1.1695 1.1032 1.038
Present-¢, # 0 4x4 1.1311 1.0773 1.0470 1.0155
6X6 1.1334 1.0793 1.0486 1.0165
8x8 2 1.1335 1.0791 1.0482 1.0158
10x10 1.1333 1.0787 1.0476 1.0150
IGA - RPT ([57]) 1.1265 1.0693 1.0368 1.0026
DCBL
Present-¢, # 0 4x4 0.9515 0.8640 0.8074 0.7353
6X6 1.0692 0.9729 0.9135 0.8397
8x8 0 1.1116 1.0106 0.9499 0.8758
10x10 1.1313 1.0278 0.9663 0.8921
IGA - RPT ([57]) 1.1288 | 1.0231 | 0.9627 | 0.8905
Present-¢e, # 0 4x4 0.7747 0.7280 0.6965 0.6551
6X6 0.8743 0.8230 0.7898 0.7471
8x8 0.5 0.9115 0.8576 0.8236 0.7805
10x10 0.9291 0.8738 0.8393 0.7960
SCSF IGA - RPT ([57]) 0.9256 0.8694 0.8356 0.7936
(1,1,0) 4x4 0.7045 | 0.6719 | 0.6497 | 0.6202
6X6 0.7938 0.7583 0.7351 0.7049
8x8 1 0.8271 0.7900 0.7663 0.7360
Present- ¢, # 0 10x10 0.8429 0.8049 0.7809 0.7505
IGA - RPT ([57]) 0.8394 | 0.8007 | 0.7772 | 0.7477
Present-¢e, # 0 4x4 0.6435 0.6224 0.6078 0.5882
6X6 0.7227 0.7002 0.6853 0.6658
8x8 2 0.7520 0.7288 0.7138 0.6944
10x10 0.7659 0.7422 0.7271 0.7077
IGA - RPT ([57]) 0.7615 | 0.7374 | 0.7227 | 0.7041
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Table 2. Convergence study on the DCDs (W =wl

do

subjected to sinusoidally distributed load for various BCs, p, and p,, (a/h = 5)

2

Ec
a3

) of the SUS304/SisN4 2D-FG square plates

Number of p Dy

BCs Theory Element y n OE 1 5
Present-¢, # 0 4x4 0.1726 0.2034 0.2219 0.2434
6x6 0.1723 0.2031 0.2215 0.2430
8x8 0 0.1723 0.2031 0.2215 0.2429
10x10 0.1723 0.2030 0.2215 0.2429
IGA - RPT ([56]) - 0.1752 0.2075 0.2264 0.2485
Present-¢, # 0 4x4 0.2035 0.2274 0.2414 0.2572
6x6 0.2031 0.2270 0.2410 0.2568
8x8 0.5 0.2031 0.2270 0.2409 0.2567
10x10 0.2030 0.2270 0.2409 0.2567
SSSS IGA - RPT ([56]) - 0.2075 0.2324 0.2467 0.2628
Present-¢, # 0 4x4 0.2219 0.2414 0.2524 0.2646
6X6 0.2215 0.2410 0.2520 0.2641
8x8 1 0.2215 0.2409 0.2519 0.2640
10x10 0.2215 0.2409 0.2519 0.2640
IGA - RPT ([56]) - 0.2264 0.2467 0.2579 0.2703
Present-¢, # 0 4x4 0.2434 0.2572 0.2645 0.2724
6x6 0.2430 0.2567 0.2641 0.2719
8x8 2 0.2429 0.2567 0.2640 0.2718
10x10 0.2429 0.2567 0.2640 0.2718
IGA - RPT ([56]) - 0.2485 0.2628 0.2703 0.2783
Present-¢, # 0 4x4 0.0791 0.0930 0.1016 0.1118
6X6 0.0782 0.0922 0.1008 0.1110
8x8 0 0.0783 0.0923 0.1010 0.1113
10x10 0.0784 0.0925 0.1012 0.1115
IGA - RPT ([56]) - 0.0823 0.0983 0.1079 0.1191
Present-¢, # 0 4x4 0.0930 0.1038 0.1102 0.1176
6X6 0.0922 0.1030 0.1095 0.1169
8x8 0.5 0.0923 0.1033 0.1098 0.1173
10x10 0.0925 0.1035 0.1101 0.1175
CCCC | IGA - RPT ([56]) - 0.0983 0.1108 0.1179 0.1259
Present-¢, # 0 4x4 0.1016 0.1102 0.1153 0.1210
6x6 0.1008 0.1095 0.1146 0.1203
8x8 1 0.1010 0.1098 0.1150 0.1207
10x10 0.1012 0.1101 0.1153 0.1210
IGA - RPT ([56]) - 0.1079 0.1179 0.1235 0.1298
Present-¢, # 0 4x4 0.1118 0.1176 0.1210 0.1247
6x6 0.1110 0.1169 0.1203 0.1241
8x8 2 0.1113 0.1173 0.1207 0.1246
10x10 0.1115 0.1175 0.1210 0.1249
IGA - RPT ([56]) - 0.1191 0.1259 0.1298 0.1341
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4.2 1D FG microplates
Since the DCDs, DFFs and DCBLs of the FG square microplates using a quasi-3D shear deformation

theory and MSGT are not available in the open literature, verification is carried out with some authors
using the RPT [21, 29] and TSDT [26]. In Tables 3-6, the results of Al/Al,0; FG microplates are
calculated for four different BCs, namely, SSSS, CCCC, SCSC and SFSF for various a/h, p, and h/¢
ratios. The obtained results are compared with those available using IGA and analytical solutions. It
should be noted that these available results are again limited to €, = 0. The normal deformation effect
can be easily detected, especially for h/¢ = 5. Even the strong size effect is considered, the present
results still show very good agreement with those from previous studies. It is also observed that the
results from the present quasi-3D (Q3D) shear deformation theory overestimate the displacements and
underestimate buckling loads and frequencies of the FG microplates. It means that softening
behaviours are observed using the present size-dependent theory. It can be concluded that the strain

gradient FEM model of the FG square microplates is verified.

Some new results for various BCs (SSSC, CSCF, SCSF, SSSF and CFFF), a/h, p, and h/¢ are
presented in Tables 7-9 for the first time. DCDs are computed for the FG microplates subjected to
uniformly distributed load. The bifurcation buckling analysis are carried for uniaxial, biaxial and shear

buckling loadings. These computed results can be used in the future studies for benchmark.
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Table 3. Verification studies for the DCDs of the Al/Al,05 FG square microplates subjected to sinusoidally distributed load for various BCs, a/h,

h/¢ and p,
] o SSSS ccec scsC SFSF
a/h | h/ i p,=1] 2 10 | p,=1] 2 10 | p,=1] 2 10 | p,=1] 2 10

IGA_TSDT ([26]) | 05709 | 0.7379 | 1.0668 | 0.0603 | 0.3383 | 05214 | 0.3498 | 0.4539 | 0.6802 | 1.3833 | 1.7837 | 2.5108

10 [IGA_RPT ([29]) | 0.5670 | 0.7332 | 1.0609 | 0.2523 | 0.3284 | 0.5071 | - : : : : :
Present-¢, = 0 | 0.5272 | 0.6803 | L0115 | 0.2326 | 0.3009 | 0.4732 | 0.3055 | 0.4022 | 0.6533 | 1.2007 | 16687 | 2.5558
IGA_ TSDT ([26]) | 0.3977 | 05107 | 0.7678 | 0.1774 | 0.2267 | 0.3505 | 0.2393 | 0.3058 | 0.4703 | 0.9564 | 1.2306 | 1.8256

5 [IGA_RPT ([29]) | 0.3908 | 0.5021 | 0.7548 | 0.1704 | 0.2183 | 0.3378 | - : : § ; §
Present-¢, = 0 | 0.3600 | 0.4736 | 0.7205 | 0.1612 | 0.2050 | 0.3202 | 0.2137 | 0.2770 | 0.4560 | 0.9029 | 11652 | 18483
> IGA_ TSDT ([26]) | 0.1286 | 0.1627 | 0.2614 | 0.0559 | 0.0693 | 0.1081 | 0.0758 | 0.0942 | 0.1483 | 0.3058 | 0.3905 | 0.631L

2 [IGA_RPT([29]) | 0.1252 | 0.1580 | 0.2510 | 0.0537 | 0.0663 | 0.1019 | - : : § § §
Present-¢, = 0 | 0.1243 | 0.1569 | 0.2514 | 0.0536 | 0.0659 | 0.1029 | 0.0718 | 0.0900 | 0.1523 | 0.3058 | 0.3002 | 0.6633
IGA _ TSDT ([26]) | 0.0378 | 0.0475 | 0.0781 | 0.0163 | 0.0200 | 0.0313 | 0.0222 | 0.0272 | 0.0432 | 0.0896 | 0.1138 | 0.1895

1 [IGA_RPT([29]) | 0.0369 | 0.0460 | 0.0743 | 0.0158 | 0.0102 | 0.0292 | - : : ; ; ;
Present-¢, = 0 | 0.0372 | 0.0465 | 0.0763 | 0.0160 | 0.0194 | 0.0304 | 0.0215 | 0.0265 | 0.0453 | 0.0917 | 0.1163 | 0.2031
IGA_TSDT (126]) | - i [ 0.1951 | 0.2517 | 0.3582 | 0.2724 | 0.3513 | 0.4961 | 1.2851 | 1.6518 | 2.2577

10 [IGA_RPT ([29]) | 0.5004 | 0.6439 | 0.8879 | 0.1915 | 0.2472 | 0.3510 | - : : § i §
Present-¢, = 0 | 0.4638 | 0.5946 | 0.8293 | 0.1738 | 0.2221 | 0.3214 | 0.2435 | 0.3144 | 04797 | 1.1979 | 15371 | 2.2955
IGA_TSDT ([26]) | - : ~ [ 0.1349 | 0.1733 | 0.2584 | 0.1886 | 0.2425 | 0.3604 | 0.8861 | 1.1408 | 1.6705

5 [IGA_RPT ([29]) | 0.3453 | 0.4446 | 0.6535 | 0.1318 | 0.1694 | 02523 | - : : § : .
Present-¢, = 0 | 0.3230 | 0.4153 | 0.6080 | 0.1216 | 0.1551 | 0.2321 | 0.1702 | 0.2195 | 0.3465 | 0.8319 | 1.0713 | 16705
10 IGA_TSDT ([26]) | - : [ 0.0430 | 0.0547 | 0.0884 | 0.0602 | 0.0768 | 0.1246 | 0.2801 | 0.361 | 0.5938

2 [IGA_RPT ([29]) | 0.1095 | 0.1407 | 0.2298 | 0.0419 | 0.0532 | 0.0854 | - : : ; i §
Present-¢, = 0 | 0.1083 | 0.1302 | 0.2258 | 0.0409 | 0.0517 | 0.0833 | 0.0572 | 0.0732 | 0.1240 | 0.2779 | 0.3583 | 0.6099
IGA_TSDT ([26]) | - i ~ [ 0.0126 | 0.0159 | 0.0265 | 0.0176 | 0.0223 | 0.0375 | 0.0815 | 0.1050 | 0.1800

1 [IGA_RPT([29]) | 0.0320 | 0.0409 | 0.0694 | 0.0123 | 0.0155 | 0.0254 | - : : ; ; ;
Present-¢, = 0 | 0.0323 | 0.0414 | 0.0702 | 0.0122 | 0.0154 | 0.0256 | 0.0171 | 0.0217 | 0.0379 | 0.0828 | 0.1067 | 0.1881




Table 4. Verification studies on the DFFs of Al/Al,05; FG square microplates for various BCs, a/h, h/¢ and p,

A o SSSS ccec SCSC SFSF
a/h | h/t ey p,=1] 2 10 |p,=1]| 2 10 | p,=1] 2 10 | p,=1] 2 10

IGA _TSDT ([26]) | 0.1766 | 0.1596 | 0.1394 | 0.2805| 0.2530 | 0.2133 | 0.2339 | 0.2111] 0.1795 | 0.0908 | 0.0823 | 0.0727

10 [IGA_RPT([29]) | 0.1772| 0.1601| 0.1397 : : : i : : i : :

Present-¢, = 0 | 0.1834 | 0.1660 | 0.1440 | 0.2052 | 0.0662 | 0.2231 | 0.2516| 0.2273 | 0.1930 | 0.0986 | 0.0920 | 0.0780

IGA_ TSDT ([26]) | 0.2118 | 0.1920 | 0.1642 | 0.3414 | 03107 | 0.2617 | 0.2836 | 0.2579 | 0.2179 | 0.1096 | 0.0993 | 0.0854

5 [IGA_RPT ([29]) | 0.2136 | 0.1935| 0.1655 : : : i : : i : :

Present-¢, = 0 | 0.2107 | 0.992 | 0.1705| 0.3555 | 0.3234 | 0.2720 | 0.3016 | 0.2741| 0.2318 | 0.1169 | 0.1084 | 0.0908

> IGA _ TSDT ([26]) | 0.3729 | 0.3402 | 0.2807 | 0.6122 | 0.5655 | 0.4739 | 0.5058 | 0.4657 | 0.3883 | 0.1947 | 0.1760 | 0.1454

2 [IGA_RPT([29]) | 03778 03449 0.2861 : : : i : : : : :

Present-, = 0 | 03792 | 03465 | 0.2875| 06202 | 05737 | 0.4814 | 0.5220 | 0.4806 | 0.4015 | 0.1978 | 0.1818 | 0.1481

IGA _ TSDT ([26]) | 0.6867 | 0.6266 | 05111| 1.1357 | 10553 | 0.8819 | 0.0396 | 0.8666 | 0.7231 | 0.3600 | 0.3277 | 0.2652

1 [IGA_RPT([29]) | 06948 | 0.6360 | 0.5230 : : : i : : i : :

Present-, = 0 | 0.6033 | 06251 | 05198 | 11396 | 1.0615| 0.8308 | 0.9502 | 0.8700 | 0.6860 | 0.3576 | 03212 | 0.2545

IGA _TSDT ([26]) | 0.0478 | 0.0434 | 0.387 | 0.0828 | 0.0749 | 0.0656 | 0.0676 | 0.0612 | 0.0539 | 0.0237 | 0.0215] 0.0193

10 [IGA_RPT([29]) | 0.0479| 0.0435 | 0.0387 : : : i : : - : :

Present-¢, = 0 | 0.0498 | 0.0452| 0.0399 | 0.0873 | 0.0792 | 0.0691 | 0.0717 | 0.0651 | 0.0572 | 0.0258 | 0.0242 | 0.0207

IGA_TSDT ([26]) | 0.0573 | 0.0520 | 0.0449 | 0.0996 | 0.0904 | 0.0774 | 0.0813 | 0.737 | 0.0633 | 0.0286 | 0.0260| 0.0225

5 [IGA_RPT ([29]) | 0.0577 | 0.0523| 0.0451 : : : i : : i : :

o Present-, = 0 | 0.0597 | 00541 | 0.0466 | 0.1044 | 0.0948 | 0.0814 | 0.0858 | 0.0779 | 0.0671 | 0.0306| 0.0285| 0.0240

IGA_TSDT ([26]) | 0.1013 | 0.0918 | 0.0750 | 0.1764 | 0.1610 | 0.1327 | 0.1439 | 0.1311 | 0.1078 | 0.0511 | 0.0463 | 0.0378

2 [IGA_RPT([29]) | 0.1024| 0.0930| 0.0761 : : : i : : i : :

Present-, = 0 | 0.1030 | 00935 | 0.0766 | 0.1804 | 0.1647 | 0.1364 | 0.1482 | 0.1349 | 0.1113 | 0.0521 | 0.0477| 0.0386

IGA _TSDT ([26]) | 0.1873| 0.1698 | 0.1350 | 0.3263 | 0.2986 | 0.2428 | 0.2662 | 0.243L| 0.1966 | 0.0948 | 0.0859 | 0.0686

1 [IGA_RPT([29]) | 0.896| 0.1722| 0.1384 : : : i : : i : :

Present-¢, = 0 | 0.1888 | 0.1714| 0.1376| 0.3305 | 0.3025 | 0.2464 | 0.2713 | 0.2474 | 0.2004 | 0.0948 | 0.0862 | 0.0687
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Table 5. Verification studies on the DCBLS (y4,v,,v3) of SSSS Al/Al,05; FG square microplates for various a/h, h/¢ and p,

(¥1=1y,=0,y3=0) 1=1y,=1y;3=0)
a/h | hf¢ | Theory p, =1 2 5 0 | p,=1 2 5 10

Navier — RPT ([21]) 9.7211 7.5208 5.9295 5.2075 4.8605 3.7604 2.9647 2.6038

1o | JGA=TSDT (126)) 0.6338 | 7.4530| 5.8718| 5.1551| 4.8169| 3.7265| 29359 | 2.5775

IGA— RPT ([29]) 9.7001 | 75009 | 59051 | 51838 | 4.8500| 3.7504 | 2.9525| 2.5919

Present- ¢, # 0 10.2353 7.8727 5.9958 5.0104 5.1180 3.9367 2.9982 2.5054

Navier — RPT ([21]) 14.1785 11.0452 8.5527 7.3746 7.0893 5.5226 4.2764 3.6873

5 5 IGA - TSDT ([26]) 13.8259 10.7648 8.3136 7.1586 6.9129 5.3824 4,1568 3.5793
IGA — RPT ([29]) 14.0645 10.9449 8.4499 7.2790 7.0323 5.4725 4,2250 3.6395

Present-¢, # 0 14.7419 11.4080 8.6245 7.0902 7.3712 5.7043 4.3124 3.5453

Navier — RPT ([21]) 154.2099 | 123.1490 | 92.0898 | 75.9013 | 77.1050 | 61.5745 | 46.0450 | 37.9506

1 IGA — TSDT ([26]) 145.1577 | 115.5208 | 85.6764 | 70.2680 | 72.5812 | 57.7620 | 42.8394 | 35.1350

IGA — RPT ([29]) 148.6460 | 119.0692 | 89.4137 | 73.7216 | 74.3253 | 59.5363 | 44.7082 | 36.8621

Present- ¢, # 0 147.1293 | 117.3357 | 86.6470 | 68.0471 | 73.5667 | 58.6695 | 43.3246 | 34.0245

Navier — RPT ([21]) 10.9968 8.5479 6.9549 6.2026 5.4984 4.2740 3.4774 3.1013

10 IGA - TSDT ([26]) 10.9375 8.4979 6.9131 6.1674 5.4688 4.2490 3.4565 3.0837

IGA — RPT ([29]) 10.9906 8.5419 6.9468 6.1945 5.4953 42710 3.4734 3.0972

Present-¢, # 0 11.7985 9.2050 7.4511 6.5948 5.8995 4.6026 3.7257 3.2976

Navier — RPT ([21]) 15.0500 | 12.4000 | 9.7100 | 8.4445| 7.9795| 6.2000| 4.8550| 4.2222

10 5 IGA — TSDT ([26]) 15.7204 12.1985 9.5425 8.3032 7.8602 6.0993 47712 41516
IGA — RPT ([29]) 15.9260 12.3708 9.6789 8.4150 7.9630 6.1854 4.8395 4.2075

Present-¢, # 0 16.9789 13.2060 | 10.3663 9.0166 8.4897 6.6032 5.1833 45084

Navier — RPT ([21]) | 173.7865 | 135.4673 | 97.6728 | 79.7717 | 86.8932 | 67.7337 | 48.8364 | 30.8858

1 IGA — TSDT ([26]) 167.6943 | 130.3251 | 93.4952 | 76.2541 | 83.8473 | 65.1626 | 46.7476 | 38.1271

IGA — RPT ([29]) 171.9637 | 134.2383 | 96.9802 | 79.2302 | 85.9820 | 67.1192 | 48.4902 | 39.6151

Present-e, # 0 170.1274 | 132.6443 | 95.7409 | 78.2450 | 85.0655 | 66.3235 | 47.8713 | 39.1232
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Table 6. Verification studies on the DCBLs (y; = 1,y, = 1,y; = 0) of Al/Al, 05 FG square microplates for various BCs, a/h, h/¢ and p,

a/h =5 a/h =10
BCs h/¢ | Theory m—] > c 10 —] > c 10

10 IGA — TSDT ([26]) 10.0195 7.7033 58049 | 49931 | 13.3681 | 10.3593 8.2536 7.2866

Present - &, # 0 10.6891 8.2193 6.1133 | 5.1435| 145732 | 11.3262 8.9741 7.7788

5 IGA — TSDT ([26]) 14.6224 | 11.4380 8.6877 | 7.3912 | 19.2892 | 15.0090 | 11.6489 | 10.0669

CCCC Present - &, # 0 15.4782 | 12.0940 9.1209 | 7.6262 | 209136 | 16.2835| 12.6585| 10.8313
9 IGA — TSDT ([26]) 46.2244 | 37.3139 | 28.7174 | 23.9520 | 60.2751 | 47.3980 | 35.3088 | 29.3375

Present - &, # 0 46.7248 | 37.8127 | 29.0612 | 23.9076 | 62.2595| 48.9942 | 36.6495| 30.3543

1 IGA —TSDT ([26]) | 158.2961 | 129.4025 | 100.0113 | 82.7755 | 205.9116 | 162.8077 | 119.6213 | 97.9102

Present - &, # 0 157.2106 | 129.0896 | 99.6593 | 81.3716 | 208.5288 | 165.0517 | 121.4706 | 99.1111

10 IGA — TSDT ([26]) 7.7207 5.9489 45337 | 3.9175 9.8829 7.6662 6.1422 5.4356
Present-&, # 0 8.5555 6.5987 49961 | 4.2380| 10.9106 8.4920 6.7981 5.9891

5 IGA — TSDT ([26]) 11.2293 8.7862 6.7019 | 5.7108 | 14.2540 | 11.0923 8.6285 7.4639

scse Present - &, # 0 12.3229 9.6186 7.3147 | 6.1542 | 156529 | 12.1823 9.5192 8.2540
5 IGA — TSDT ([26]) 35.3135 | 28.4258 | 21.7214 | 18.0594 | 445632 | 34.9766 | 25.9432 | 21.5220
Present-&, # 0 36.8137 | 29.5955 | 225955 | 18.6202 | 46.6746 | 36.5684 | 27.2445| 22.7191

1 IGA—TSDT ([26]) | 120.7061 | 98.3027 | 75.1539 | 61.9117 | 152.3305 | 120.0884 | 87.6253 | 71.5538
Present-&, # 0 123.3254 | 100.4291 | 76.6500 | 62.5715 | 156.5403 | 123.1277 | 89.9437 | 73.6807

10 IGA — TSDT ([26]) 2.4376 1.8914 15183 | 1.3451 2.6119 2.0317 1.6607 1.4846

Present- &, # 0 2.8454 2.3388 1.8373 | 1.5344 3.0617 2.5362 2.0316 1.7032

5 IGA — TSDT ([26]) 3.5659 2.7714 2.1546 | 1.8657 3.8161 2.9628 2.3205 2.0195

SESE Present-&, # 0 4.0281 3.2736 2.5225 | 2.0907 4.3419 3.5389 2.7511 2.2846
2 IGA — TSDT ([26]) 11.3053 8.8367 6.5469 5.4432 12.1872 9.4445 6.9127 5.7355

Present - &, # 0 11.6654 9.2993 6.8983 | 5.6375| 12.6934 | 10.0284 7.3601 6.0082

1 IGA — TSDT ([26]) 38.7359 | 30.3991 | 22.1888 | 18.1692 | 42.0090 | 32.5562 | 23.2915| 18.9829
Present-&, # 0 38.5538 | 30.5236 | 22.2509 | 18.0775| 42.1839 | 329060 | 23.5595| 19.0977
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Table 7. DCDs and DFFs of the Al/Al,05 FG square microplates subjected to uniformly distributed load for various BCs, a/h, h/¢ and p,

DCD DFF
BCs | h/¢ a/h=5 a/h =10 a/h="5 a/h =10
p, =1 2 5 10 | p,=1 2 5 10 p, =1 2 5 10 p, =1 2 5 10
1 | 00421 | 0.0521 | 0.0690 | 0.0841 | 0.0354 | 0.0451 | 0.0622 | 0.0762 | 20.0987 | 18.2360 | 15.9056 | 14.6537 | 22.4688 | 20.4761 | 17.9765 | 16.4810
sssc |2 | 0.1400 [ 0.1743 | 0.2267 | 02773 | 0.1177 | 0.1497 | 0.2018 | 02440 | 11.1283 | 10.2468 | 9.1926 | 8.4980 | 12.3216 | 11.2474 | 0.9853 | 9.2156
5 |0.4085 | 05160 | 0.6735 | 0.7963 | 0.3436 | 0.4333 | 0.5553 | 0.6510 | 6.5017 | 5.9537 | 5.3747 | 5.0178 | 7.2160 | 6.6170 | 6.0247 | 5.6427
10 | 05787 | 0.7343 | 0.9565 | 1.1217 | 0.4881 | 0.6117 | 0.7648 | 0.8853 | 5.4528 | 4.9845 | 4.5060 | 4.2230 | 6.0547 | 5.5707 | 5.1336 | 4.8373
1 | 0.0379 | 0.0465 | 0.0609 | 0.0740 | 0.0298 | 0.0378 | 0.0517 | 0.0632 | 19.3532 | 17.9484 | 16.1228 | 14.8409 | 21.8471 | 19.8362 | 17.2154 | 15.7363
cscp |2 | 01265 0.1570 | 02054 | 0.2469 | 0.0995 | 0.1268 | 01702 | 0.2043 | 105474 | 9.6867 | 85310 | 7.8295 | 119432 | 10.8797 | 96762 | 8.9642
5 |0.3739 | 0.4779 | 0.6266 | 0.7353 | 0.2946 | 0.3778 | 0.4838 | 0.5590 | 6.0941 | 5.5405 | 4.9924 | 4.6844 | 6.8832 | 6.2497 | 5.6935 | 5.3797
10 | 0.5344 | 0.6919 | 0.9123 | 1.0611 | 0.4207 | 0.5396 | 0.6753 | 0.7683 | 5.0715 | 4.5824 | 4.1257 | 3.8911 | 5.7343 | 5.2049 | 4.8022 | 45772
1 | 00793 | 0.0992 | 0.1337 | 0.1635 | 0.0696 | 0.0891 | 0.1237 | 0.1519 | 11.6551 | 10.5947 | 9.2935 | 8.5629 | 12.5045 | 11.3618 | 9.9246 | 9.0824
scsp |2 [ 0.2633 0.3301 | 0.4397 | 05326 | 0.2320 | 0.2953 | 0.4008 | 04855 | 64188 | 58811 | 52312 | 48213 | 6.8258 | 6.2254 | 55030 | 50638
5 |0.7672 | 0.9630 | 1.2506 | 1.4828 | 0.6802 | 0.8522 | 1.0917 | 1.2874 | 3.7234 | 3.4249 | 3.1015 | 2.8884 | 3.9487 | 3.6376 | 3.3113 | 3.0878
10 | 1.0860 | 1.3605 | 1.7467 | 2.0521 | 0.9665 | 1.1988 | 1.4932 | 1.7391 | 3.1166 | 2.8755 | 2.6290 | 2.4616 | 3.3024 | 3.0600 | 2.8298 | 2.6569
1 | 01072 | 0.1345 | 0.1828 | 0.2246 | 0.0964 | 0.1234 | 0.1719 | 0.2118 | 10.8697 | 9.9550 | 8.7742 | 8.0362 | 11.5239 | 10.4788 | 9.1489 | 8.3620
oe |2 | 03532 | 0.4417 | 05013 | 0.7213 | 03189 | 0.4037 | 05483 | 0.6698 | 5.9674 | 54826 | 48739 | 4.4765 | 6.3138 | 57733 | 51024 | 4.6825
5 | 1.0086 | 1.2468 | 1.6188 | 1.9448 | 0.9164 | 1.1288 | 1.4495 | 1.7373 | 3.4927 | 3.2329 | 2.9265 | 2.7099 | 3.6868 | 3.4178 | 3.1085 | 2.8812
10 | 1.4140 | 1.7342 | 2.2217 | 2.6520 | 1.2917 | 1.5680 | 1.9603 | 2.3298 | 2.9351 | 2.7292 | 2.4933 | 2.3184 | 3.0946 | 2.8898 | 2.6676 | 2.4855
1 | 05880 | 0.7508 | 1.0360 | 1.2683 | 0.5531 | 0.7141 | 0.9983 | 1.2239 | 3.3187 | 2.9940 | 2.5873 | 2.3619 | 3.4220 | 3.0968 | 2.6975 | 2.4720
crep |2 | 19734 25262 | 3.4108 | 4.0071 | 1.8632 | 2.4041 | 32711 | 39293 | 18218 | 1.6528 | 14633 | 13553 | 18645 | 16882 | 14913 | 13808
5 | 58992 | 7.5814 | 9.6830 | 11.1467 | 5.6043 | 7.2102 | 9.1515 | 10.4890 | 1.0533 | 0.9554 | 0.8730 | 0.8270 | 1.0750 | 0.9753 | 0.8930 | 0.8468
10 | 8.4589 | 10.8649 | 13.4813 | 15.2336 | 8.0508 | 10.3158 | 12.6140 | 14.1583 | 0.8791 | 0.7985 | 0.7420 | 0.7100 | 0.8963 | 0.8151 | 0.7609 | 0.7292
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Table 8. DCBLs of the Al/Al,05; FG square microplates for various BCs, h/¢ and p, (a/h = 5)

BCs

h/e

¥1=Ly,=0,y3=0

Yi=1Ly,=1Ly;=0

Vi=1ly,=1y;=1

p, =1 2 5 10 p, =1 2 5 10 | p,=1 2 5 10
1 | 167.3783 | 135.6341 | 102.5064 | 84.1037 | 93.2891 | 75.4748 | 56.9281 | 46.6912 | 85.2520 | 69.1915 | 52.4581 | 43.0996
sssc |2 | 502651 | 40.4528 | 30.7363 | 25.4381 | 28.0503 | 22.5399 | 17.1044 | 14.1574 | 255225 | 206527 | 15.6484 | 12.9700
5 | 17.1083| 135734 | 10.3525| 8.7167 | 9.5851| 7.6003 | 5.8119| 4.9026 | 8.6042 | 6.8060 | 5.1838 | 4.3733
10 | 11.9496 | 9.4337| 7.1742| 6.0749| 6.7188| 5.3075| 4.0644 | 3.4533 | 59777 | 4.6914 | 35522 | 3.0147
1 | 142.2816 | 114.6269 | 86.8128 | 71.7602 | 106.7973 | 85.8571 | 64.7638 | 53.4343 | 72.6624 | 56.0246 | 40.1447 | 32.9768
cocp |2 | 41.6324| 33.1906 | 251781 | 21.0076 | 313668 | 24.9654 | 18.8910 | 15.7484 | 20.7322 | 16.0835 | 11.8904 | 9.9456
5 | 13.0941| 10.2014| 7.7922| 6.6612| 9.9503 | 7.7512| 509374 | 50848 | 6.1003 | 4.7761 | 3.8182| 3.3506
10 | 8.7478| 6.7484| 51819 4.4853| 6.6911| 5.1672| 3.9964 | 3.4723| 3.9239| 3.0793 | 2.5651| 2.3106
1 | 99.0100 | 78.6885| 58.1648 | 47.6586 | 48.3634 | 38.2680 | 28.0211 | 22.8638 | 38.5597 | 29.7654 | 21.2109 | 17.3126
ScsE |2 | 288668 | 228580 | 17.0606 | 14.1150 | 14.3408| 113645 | 8.4410 | 6.9466 | 11.0796 | 8.6186 | 6.3236 | 5.2416
5 9.0625 | 7.1371| 54804 | 4.6550| 4.7016 | 3.7551 | 2.8955| 2.4369 | 3.3661| 2.6593 | 2.1023| 1.8149
10 | 6.1416| 4.8310| 3.7742| 3.2535| 3.2524| 2.6129| 2.0601 | 1.7565| 2.2400 | 1.7812| 1.4673| 1.2963
1 | 97.2896| 77.3250 | 57.1959 | 46.8900 | 44.4227 | 35.1937 | 25.7257 | 20.9349 | 38.0444 | 29.3714 | 20.9257 | 17.0741
SsoF |2 | 284004 | 22.4825| 167915 | 13.9077 | 13.2872 | 10.5734 | 7.8491| 6.4304 | 10.9360 | 85131 | 6.2454 | 5.1724
5 8.9494 | 7.0367| 54079 4.6020| 4.4481| 35854 | 2.7621| 2.3050 | 3.3271| 2.6333| 2.0810 | 1.7930
10 | 6.0716 | 4.7676| 3.7290| 3.2209 | 3.1015| 2.5191| 1.9822 | 1.6727 | 2.2161| 1.7660| 1.4539| 1.2814
1 | 28.0616| 21.8634 | 15.7685 | 12.8846 | 10.5850 | 8.2138 | 5.8864 | 4.8012| 3.5329 | 2.7243 | 1.9375| 15792
— 8.1600 | 6.3480 | 4.6702 | 3.8794| 3.1425| 2.4381| 1.7928 | 1.4916| 1.0301| 0.7960 | 0.5818 | 0.4835
5 25528 | 1.9832| 15496 | 1.3457| 1.0402| 0.8084 | 0.6358 | 0.5541| 0.3263| 0.2535| 0.1997 | 0.1743
10 | 1.7296| 1.3451| 1.0919| 00717 | 0.7205| 0.5621| 0.4588 | 0.4084 | 0.2223| 0.1735| 0.1428| 0.1278
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Table 9. DCBLs of the Al/Al,05; FG square microplates for various BCs, h/¢ and p, (a/h = 10)

BCs 1i=1Ly,=0,y3=0 Vi=Ly,=1y3=0 i=Ly,=1lLys=1
p, =1 2 5 10 p, =1 2 5 10 p, =1 2 5 10
1 202.5793 | 159.1404 | 115.5142 | 94.1860 | 111.8915 | 87.8212 | 63.6872 | 51.9269 | 104.1781 | 81.9388 | 59.6114 | 48.6482
$SSC 2 60.9347 | 48.0188 | 35.6213 | 29.4249 | 33.6498 | 26.4946 | 19.6434 | 16.2311 | 31.2958 | 24.6624 | 18.3229 | 15.1559
5 20.9044 | 16.6273 | 12.9489 | 11.0008 | 11.5422 | 9.1732 | 7.1504 | 6.0822 | 10.6976 | 8.4822 | 6.6039 | 5.6250
10 14.6801 | 11.7569 9.3682 | 8.0491 8.1110 | 6.4906 | 5.1824 | 4.4608 7.5031 | 5.9803 | 4.7594 | 4.1025
1 167.3421 | 131.0619 | 95.3041 | 78.0716 | 125.2844 | 98.0020 | 71.1133 | 58.2089 | 63.5509 | 48.9706 | 34.9022 | 28.5273
CSCE 2 48.9424 | 38.2191 | 28.3162 | 23.5780 | 36.6370 | 28.5837 | 21.1447 | 17.5976 | 18.3490 | 14.1805 | 10.3910 | 8.6541
5 15,5231 | 12.0706 94217 | 8.1704 | 11.6135| 9.0287 | 7.0522 | 6.1192 56399 | 4.3867 | 3.4636 | 3.0262
10 10.5220 8.1831 6.5896 | 5.8333 7.8800 | 6.1287 | 4.9474 | 4.3864 3.7712 | 2.9438 | 2.4275| 2.1762
1 110.8941 | 86.4227 | 62.1047 | 50.5736 | 52.8444 | 41.1517 | 29.4813 | 23.9539 | 35.8462 | 27.6689 | 19.6606 | 15.9989
SCSE 2 32.2878 | 25.2245| 18.5094 | 15.2769 | 15.6050 | 12.2410 | 8.9740| 7.3705| 10.3968 | 8.0690 | 5.8887 | 4.8679
5 10.1833 8.0263 6.2498 | 5.3470 5.0944 | 4.0751 | 3.1728 | 2.6806 3.2486 | 2.5555| 2.0062 | 1.7288
10 6.9630 5.5212 44574 | 3.8922 3.5303 | 2.8548 | 2.3016 | 1.9764 2.2067 | 1.7485| 1.4335| 1.2647
1 109.0803 | 84.9899 | 61.0891 | 49.7675 | 48.4633 | 37.7918 | 27.0670 | 21.9562 | 35.3478 | 27.2904 | 19.3909 | 15.7751
SSSE 2 31.7968 | 24.8213 | 18.2218 | 15.0562 | 14.4369 | 11.3757 | 8.3419 | 6.8232 | 10.2585| 7.9676 | 5.8143 | 4.8026
5 10.0540 7.9094 6.1632 | 5.2840 48078 | 3.8836 | 3.0198 | 2.5275 3.2106 | 25302 | 1.9856 | 1.7078
10 6.8765 5.4407 4.3957 | 3.8467 3.3553 | 2.7448 | 2.2062 | 1.8721 21829 | 1.7335| 1.4203| 1.2501
1 28.9078 | 22.3491 | 15.9369 | 12.9872 | 10.8515| 8.3807 | 5.9710 | 4.8664 3.4836 | 2.6859 | 1.9089 | 1.5549
CEFE 2 8.3810 6.4847 47394 | 3.9338 3.2123 | 2.4843 | 1.8204 | 1.5145 1.0167 | 0.7853 | 0.5735| 0.4764
5 2.6162 2.0314 1.5943 | 1.3888 1.0584 | 0.8224 | 0.6482 | 0.5658 0.3231| 0.2509 | 0.1975| 0.1723
10 1.7764 1.3838 1.1348 | 1.0149 0.7325| 0.5719| 0.4693 | 0.4188 0.2208 | 0.1723 | 0.1417 | 0.1269




The effect of h/¢ on the DCDs, DCBLs and DFFs of the SSSC, CSCF, SCSF and SSSF FG square
microplates are illustrated in Fig. 3. With the increasing of h/#, the variation on the DCBLs and DFFs
decreases. For the DCBLs, it is clear that while h /¢ > 10, their variations are almost invisible for all
BCs. However, regarding to DCDs and DFFs, the variations become negligible as h/¢ > 20 in all
cases. Itis interesting to see that the effect of the variation of h /¢ on the structural responses depending
BCs. The most significant on the DCDs is SSSF, while on the DCBLs is CSCF and finally on the DFFs

IS SSSC, respectively.

Transverse deformations of the FG square microplates under the sinusoidally distributed load for nine
BCs are plotted in Fig. 4. It can be observed that when the FG square microplate has a free edge, the
maximum deflection is observed close to this edge. The maximum transverse deflections are always
obtained in the middle of the microplate which has the symmetric BCs such as SSSS, CCCC and
SCSC. Only for the SSSC FG square microplate, the maximum deflection is occurred close to its right
edge.

The vibration mode shapes of the CCCC FG microplates are depicted in Fig. 5 based on the present
Q3D shear deformation theory and TSDT for classical, MCST and MSGT. It should be noticed that
even though their fundamental frequencies in these cases are totally different, the mode shapes are
almost identical no matter what the shear deformation theories (Q3D, TSDT) or continuum theories

(Classical, MCST and MSGT) are considered.
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4.3 2D FG microplates

Since there is no available results regarding to analysis of 2D-FG square strain gradient microplates,
the developed FEM model is validated again the results generated by the IGA-RPT and MCST [68]
for SSSS and CCCC microplates with various p,, p, and a/h in Tables 10 and 11. For the DCBLs,
due the lack of available results for the SSSS microplates, the verification is carried out only for CCCC
ones. It is observed that an excellent agreement is found for all cases with the MCST. The present
DCDs obtained by the MCST considering the normal deformation is negligibly higher than those
without it (¢, = 0). However, the difference between computed results based on the MSGT and MCST
is significant due the formulation of the MSGT, which increases the stiffness of the structure. It is
observed that the effect of the MSGT on the stiffness of the SSSS 2D-FG square microplates is more

pronounce than the CCCC ones.

The DCDs, DCBLs and DFFs of the 2D-FG square microplates for nine BCs are presented in Tables
12-14 with respect to the variation of the gradient indexes in both directions, h/¢ and a/h. As it is
expected, the highest DFFs and DCBLS and the lowest DCDs are always obtained for the CCCC
microplate. Moreover, the lowest stiffness is detected for CFFF one. Some new results, which are not

available in open literature, are provided as references for the future studies.

The effect of p, and p,, on the results of the 2D-FD square microplates are investigated in Fig. 6 with
respect to various h /¥ ratios. The findings show that with the decreasing of the small size effect, the
effects of the gradient indexes on the mechanical behaviours of the 2D-FG microplates becomes
significant. Besides, the effect of p, on the DCDs is more noticeable than those of p, due the

sinusoidally distributed load.

The ratios of DCDs, DCBLs and DFFs for SSSS, SCSC and CCCC 2D-FG microplates with respect

to various h/# ratios based on the MSCT and MSGT are plotted in Fig. 7. It is observed that these
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ratios obtain the maximum/minimum value when h/€ = 1, which also implies that the most significant
size effect occurs when plate’s thickness is the same with MLSP. With an increment of h/#, the ratios
of DCBLs and DFFs approach to unity approximately at h/£=20, which is faster than those of DFFs
at h/£=40. It also means that MSGT should be used for vibration and buckling analysis of 2D-FG
microplates when h/¢ < 20 and bending one when h/¢ < 40. When h/¢ > 40, the difference between
these theories becomes negligible and MCST will be efficient to deal with the microplates

The effect of h/¢ on the results of SCSC, CSCF, SCSF and SFSF 2D-FG microplates are shown in
Fig. 8. This effect becomes significant on the DCBLs and DFFs of microplates with the inclusion of
clamped edge. On the other hand, it is more pronounced for the DCDs of microplates with the free
edge (SFSF, SCSF) than those with clamped edge (SCSC) of all BCs. The variations on the DCBLs
and DFFs due the variation of h/# are not detected as h/¢ > 15. However, for the DCDs, h/¢ should

be greater than 20 to observe the same response.

The first three vibration mode shapes of SSSC and CSCF 2D-FG microplates and buckling mode
shapes of SSSS, SCSC and CCCC 2D-FG microplates subjected to various loading conditions are
illustrated in Figs. 9 and 10. Unlike the 1D-FG microplates, the maximum deflections are obtained in

different locations of the microplates depending on the BCs.
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Table 10. Verification studies on the DCDs (vT/ =w

10h3E,

) and DFFs (sza—z &) of AL/AL,O
4 h | Ec 2-3

qoa

2D-FG square microplates subjected to sinusoidally distributed load for various BCs, h/?,
px and p,, (a/h = 20,4 = 17.6um)

BCs h/€ | Theory Px = Dy
1 2 5 | 10
DCD
SSSS 10 IGA — RPT (MCST, [68]) 0.7452 | 1.0676 | 1.3421 | 1.4205
Present - ¢, # 0 (MCST) 0.7442 | 1.0743 | 1.3514 | 1.4302
Present - ¢, # 0 (MSGT) 0.6328 | 0.9210 | 1.1584 | 1.2206
5 IGA — RPT (MCST, [68]) 0.6643 | 0.9398 | 1.1817 | 1.2582
Present - ¢, # 0 (MCST) 0.6637 | 0.9465 | 1.1913 | 1.2689
Present - ¢, # 0 (MSGT) 0.4537 | 0.6596 | 0.8297 | 0.8747
1 IGA — RPT (MCST, [68]) 0.1486 | 0.1954 | 0.2464 | 0.2714
Present - ¢, # 0 (MCST) 0.1489 | 0.1972 | 0.2500 | 0.2762
Present - ¢, # 0 (MSGT) 0.0496 | 0.0716 | 0.0900 | 0.0953
CCccC 10 IGA — RPT (MCST, [68]) 0.2735| 0.3904 | 0.5054 | 0.5325
Present - ¢, # 0 (MCST) 0.2656 | 0.3829 | 0.4958 | 0.5198
Present - ¢, # 0 (MSGT) 0.2287 | 0.3305 | 0.4273 | 0.4475
5 IGA — RPT (MCST, [68]) 0.2433 | 0.3459 | 0.4483 | 0.4733
Present - ¢, # 0 (MCST) 0.2370 | 0.3403 | 0.4413 | 0.4637
Present - ¢, # 0 (MSGT) 0.1652 | 0.2387 | 0.3086 | 0.3233
1 IGA — RPT (MCST, [68]) 0.0538 | 0.0744 | 0.0973 | 0.1040
Present - ¢, # 0 (MCST) 0.0536 | 0.0749 | 0.0981 | 0.1044
Present - ¢, # 0 (MSGT) 0.0181 | 0.0260 | 0.0337 | 0.0354
DFF
SSSS 10 IGA — RPT (MCST, [68]) 4.0928 | 3.5589 | 3.2383 | 3.1471
Present - ¢, # 0 (MCST) 40939 | 3.5478 | 3.2263 | 3.1341
Present - ¢, # 0 (MSGT) 4.4404 | 3.8327 | 3.4850 | 3.3927
5 IGA — RPT (MCST, [68]) 43350 | 3.7917 | 3.4515| 3.3448
Present - ¢, # 0 (MCST) 43351 | 3.7791 | 3.4368 | 3.3282
Present - ¢, # 0 (MSGT) 52450 | 45293 | 4.1183 | 4.0083
1 IGA — RPT (MCST, [68]) 9.1675| 8.3089 | 7.5624 | 7.2102
Present - ¢, # 0 (MCST) 9.1541 | 8.2718 | 7.5066 | 7.1414
Present - ¢, # 0 (MSGT) 15.8591 | 13.7515 | 12.5041 | 12.1439
CcccC 10 IGA — RPT (MCST, [68]) 7.2790 | 6.3720 | 5.7213 | 5.5687
Present - ¢, # 0 (MCST) 7.4059 | 6.4546 | 5.7902 | 5.6477
Present - ¢, # 0 (MSGT) 7.9728 | 6.9419 | 6.2313 | 6.0810
5 IGA — RPT (MCST, [68]) 7.7191 | 6.7704 | 6.0755 | 5.9078
Present - ¢, # 0 (MCST) 7.8386 | 6.8456 | 6.1367 | 5.9799
Present - ¢, # 0 (MSGT) 9.3734 | 8.1632 | 7.3273 | 7.1494
1 IGA — RPT (MCST, [68]) 16.4438 | 14.5978 | 13.0521 | 12.6175
Present - ¢, # 0 (MCST) 16.4672 | 14.5663 | 13.0025 | 12.5936
Present - ¢, # 0 (MSGT) 28.3493 | 24.7124 | 22.1699 | 21.6183
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Table 11. Verification studies on the DCBLs (NCT =N, #) of Al/Al,0; 2D-FG square microplates for various BCs, h/¢, p, and p, (a/h =

20,¢ = 17.6um)

Vi=1lLy,=1Ly;=0

YV1=Ly,=0,y3=0

Vi=ly,=1ly;=1

BCs | h/¢ Theory Dx = Dy Dx = Dy Dx = Dy
1 2 5 10 1 2 5 10 1 2 5 10
IGA—RPT (MCST, [68]) | 8.8687 | 6.3433 | 5.0893 | 4.8664 - - - - - - - -

10 | Present-¢, # 0 (MCST) | 9.0568 | 6.4073 | 51392 | 4.9366 | 16.5660 | 11.7411 | 9.5746 | 9.2455 | 7.6989 | 53675 | 4.3534 | 4.2378

Present- £, = 0 (MSGT) | 10.5176 | 7.4359 | 59725 | 57412 | 19.3095 | 13.6744 | 11.1666 | 10.7909 | 8.9836 | 6.2562 | 5.0778 | 4.9450
IGA - RPT (MCST, [68]) | 9.9704 | 7.1575 | 5.7343 | 5.4733 - - - - - - - -

5 | Present-¢e, 0 (MCST) | 10.1459 | 7.2064 | 57711 | 55338 | 185824 | 13.2139 | 10.7593 | 10.3742 | 8.6225 | 6.0320 | 4.8890 | 4.7546

ccec Present - &, = 0 (MSGT) | 14.6183 | 10.3441 | 83075 | 7.9833 | 26.8667 | 19.0414 | 155477 | 15.0205 | 12.5009 | 8.7106 | 7.0693 | 6.8831
IGA — RPT (MCST, [68]) | 17.6755 | 12.8522 | 10.2446 | 9.7189 - - - - - - - -

2 | Present-¢, # 0 (MCST) | 17.7506 | 12.7860 | 10.1842 | 8.7057 | 32.6542 | 23.4964 | 19.0317 | 18.2574 | 15.0720 | 10.6728 | 8.6293 | 8.3645

Present- ¢, # 0 (MSGT) | 40.8720 | 28.9694 | 23.2439 | 22.3167 | 75.2608 | 53.4129 | 43.5651 | 42.0537 | 35.0100 | 24.4236 | 19.8087 | 19.2769
IGA —RPT (MCST, [68]) | 45.1685 | 33.1734 | 26.3384 | 24.8709 - - - - - - - -

1 | Present-¢, # 0 (MCST) | 44.8195 | 32.6467 | 25.8966 | 24.5622 | 82.6898 | 60.0684 | 48.4691 | 46.3162 | 38.0157 | 27.1844 | 21.9405 | 21.2114

Present - £, = 0 (MSGT) | 133.8858 | 94.9596 | 76.1596 | 73.0940 | 246.6920 | 175.1737 | 142.8087 | 137.8075 | 114.7422 | 80.0866 | 64.9356 | 63.1783

1o | Present-e, #0(MCST) [ 34622 | 24782 | 2.0344 | 19232 [ 6.7697 48831 | 4.0571 | 3.8444 | 3.2580 | 2.2956 | 1.8957 | 1.8128

Present- &, = 0 (MSGT) | 4.0756 | 2.8963 | 2.3769 | 2.2558 | 7.9677 57092 | 4.7420 | 45095 | 3.8381 | 2.6853 | 2.2183 | 2.1288

g | Present-e #0(MCST) | 38824 | 2.8092 | 23063 [ 2.1681 | 7.5928 55314 | 45966 | 4.3332 | 3.6480 | 2.5985 | 2.1440 | 2.0400

S5SS Present- &, = 0 (MSGT) | 5.6894 | 4.0464 | 3.3205 | 3.1500 | 11.1237 | 7.9764 | 6.6244 | 6.2973 | 5.3580 | 3.7519 | 3.0990 | 2.9727

, | Present-e, #0(MCST) | 68224 | 51222 | 41979 [ 38752 | 133514 [ 10.0599 | 8.3458 | 7.7402 [ 6.3842 | 4.7143 | 38730 | 3.6259

Present - £, = 0 (MSGT) | 15.8990 | 11.3655 | 9.3267 | 8.8240 | 31.0942 | 22.4003 | 18.6024 | 17.6390 | 14.9694 | 10.5357 | 8.6979 | 8.3229

| | Present-e, #0(MCST) | 17.3170 | 133710 | 10.9237 [ 9.9557 | 3309054 | 26.2036 | 21.6679 | 19.8737 | 16.1472 | 12.2571 | 10.0233 | 9.2794

Present- ¢, # 0 (MSGT) | 52.0430 | 37.2907 | 30.6009 | 28.9159 | 101.7940 | 73.4893 | 61.0275 | 57.8010 | 48.9936 | 34.5628 | 28.5276 | 27.2671




Table 12. DCDs of the Al/Al,05 2D-FG square microplates subjected to uniformly distributed load for various BCs, a/h, py, p, and h/¢

a/h =5 a/h =10 a/h =20

BCs | h/¢ (Px Py) (P, 0y) (Px, Dy)
(1,1) (2,2) (2,1) (5,1) (5,2) (1,1) (2,2) (2,1) (5,1) (5,2) (1,1) (2,2) (2,) (5,1) (5,2)
1 0.0363 | 0.0519 | 0.0447 | 0.0573 | 0.0618 | 0.0277 | 0.0396 | 0.0341 | 0.0436 | 0.0470 | 0.0252 | 0.0360 | 0.0310 | 0.0395 | 0.0426
cece |2 0.1203 | 0.1726 | 0.1484 | 0.1904 | 0.2054 | 0.0908 | 0.1300 | 0.1119 | 0.1431 | 0.1543 | 0.0826 | 0.1179 | 0.1016 | 0.1296 | 0.1398
5 0.3488 | 0.5016 | 0.4308 | 0.5541 | 05972 | 0.2558 | 0.3663 | 0.3153 | 0.4035 | 0.4349 | 0.2306 | 0.3296 | 0.2840 | 0.3626 | 0.3908
10 | 04932 | 0.7091 | 06090 | 0.7837 | 0.8445 | 0.3560 | 0.5098 | 0.4389 | 0.5617 | 0.6052 | 0.3193 | 0.4567 | 0.3935 | 05026 | 0.5415
1 0.0505 | 0.0718 | 0.0612 | 0.0765 | 0.0836 | 0.0404 | 0.0575 | 0.0488 | 0.0606 | 0.0664 | 0.0378 | 0.0537 | 0.0455 | 0.0563 | 0.0618
scse |2 0.1664 | 0.2370 | 0.2017 | 0.2527 | 0.2759 | 0.1325 | 0.1886 | 0.1600 | 0.1988 | 0.2178 | 0.1238 | 0.1760 | 0.1491 | 0.1845 | 0.2025
5 0.4730 | 0.6763 | 05747 | 0.7220 | 0.7879 | 0.3714 | 05302 | 0.4491 | 05588 | 0.6120 | 0.3453 | 0.4924 | 0.4165 | 05163 | 0.5664
10 | 06607 | 0.9453 | 0.8028 | 1.0092 | 1.1012 | 0.5163 | 0.7373 | 0.6242 | 0.7769 | 0.8510 | 0.4788 | 0.6832 | 0.5778 | 0.7165 | 0.7859
1 0.0697 | 0.0980 | 0.0850 | 0.1072 | 0.1145 | 0.0589 | 0.0828 | 0.0719 | 0.0907 | 0.0964 | 0.0563 | 0.0790 | 0.0686 | 0.0865 | 0.0918
sssc |2 02291 | 0.3227 | 02798 | 0.3536 | 0.3773 | 0.1930 | 0.2717 | 0.2358 | 0.2980 | 0.3165 | 0.1843 | 0.2590 | 0.2250 | 0.2841 | 0.3013
5 0.6462 | 0.9153 | 07920 | 1.0062 | 1.0722 | 0.5408 | 0.7643 | 0.6623 | 0.8403 | 0.8917 | 05144 | 0.7263 | 0.6297 | 0.7983 | 0.8461
10 | 08997 | 1.2760 | 1.1034 | 1.4044 | 1.4953 | 0.7529 | 1.0649 | 0.9225 | 1.1714 | 12427 | 07154 | 1.0109 | 0.8763 | 1.1117 | 1.1780
1 0.0938 | 0.1336 | 0.1156 | 0.1470 | 0.1569 | 0.0818 | 0.1170 | 0.1014 | 0.1291 | 0.1373 | 0.0789 | 0.1130 | 0.0979 | 0.1248 | 0.1325
ssss |2 0.3075 | 0.4392 | 03799 | 04841 | 05164 | 0.2679 | 03842 | 0.3325 | 0.4245 | 0.4511 | 0.2582 | 0.3708 | 0.3209 | 0.4098 | 0.4350
5 0.8623 | 1.2402 | 1.0709 | 1.3721 | 1.4609 | 0.7492 | 1.0810 | 0.9339 | 1.1976 | 1.2709 | 0.7210 | 1.0414 | 0.8999 | 1.1540 | 1.2235
10 | 1.1966 | 1.7252 | 1.4887 | 1.9113 | 2.0333 | 1.0441 | 15085 | 1.3028 | 1.6722 | 1.7740 | 1.0058 | 1.4540 | 1.2561 | 1.6120 | 1.7087
1 0.0630 | 0.0886 | 0.0783 | 0.1004 | 0.1062 | 0.0499 | 0.0698 | 0.0622 | 0.0797 | 0.0837 | 0.0465 | 0.0647 | 0.0580 | 0.0742 | 0.0776
cscE |2 0.2074 | 0.2917 | 02580 | 0.3310 | 0.3499 | 0.1635 | 0.2287 | 0.2041 | 02613 | 0.2743 | 0.1523 | 0.2122 | 0.1903 | 0.2432 | 0.2545
5 05877 | 0.8284 | 0.7327 | 0.9424 | 09947 | 04590 | 0.6417 | 05738 | 07349 | 0.7699 | 0.4259 | 0.5934 | 05331 | 0.6813 | 0.7116
10 | 0.8205 | 1.1568 | 1.0236 | 1.3181 | 1.3903 | 0.6378 | 0.8917 | 0.7978 | 1.0219 | 1.0700 | 0.5901 | 0.8224 | 0.7389 | 0.9446 | 0.9863
1 0.1272 | 0.1802 | 0.1543 | 0.1931 | 02111 | 0.1122 | 0.1587 | 0.1359 | 0.1688 | 0.1847 | 0.1085 | 0.1534 | 0.1313 | 0.1626 | 0.1781
SCSF | 5 1.1997 | 1.6965 | 1.4573 | 1.8130 | 1.9766 | 1.0592 | 1.4945 | 12840 | 15832 | 1.7293 | 1.0240 | 1.4439 | 1.2405 | 15252 | 1.6671
10 | 1.6731 | 2.3660 | 2.0328 | 2.5266 | 2.7543 | 1.4796 | 2.0873 | 1.7938 | 2.2102 | 2.4138 | 1.4302 | 2.0163 | 1.7328 | 2.1295 | 2.3269
1 0.2828 | 0.4145 | 03449 | 04338 | 04789 | 0.2571 | 03794 | 0.3138 | 03942 | 0.4365 | 02512 | 0.3715 | 0.3066 | 0.3851 | 0.4269
SFsp |2 0.9250 | 1.3552 | 1.1285 | 1.4188 | 15649 | 0.8444 | 12453 | 1.0308 | 1.2941 | 14321 | 08258 | 1.2203 | 1.0081 | 1.2652 | 1.4015
5 2.5897 | 3.7907 | 3.1628 | 3.9708 | 4.3724 | 2.3860 | 35134 | 29140 | 3.6521 | 4.0357 | 2.3367 | 3.4469 | 2.8538 | 3.5749 | 3.9545
10 | 35961 | 5.2662 | 4.3937 | 5.5156 | 6.0718 | 3.3331 | 4.9080 | 4.0713 | 5.1011 | 5.6360 | 3.2675 | 4.8188 | 3.9908 | 4.9976 | 5.5274
1 0.1772 | 02484 | 02175 | 02741 | 02913 | 0.1607 | 0.2249 | 0.1976 | 0.2483 | 0.2628 | 0.1568 | 0.2193 | 0.1928 | 0.2421 | 0.2559
sssp |2 0.5842 | 0.8189 | 0.7177 | 0.9039 | 0.9594 | 0.5307 | 0.7425 | 0.6530 | 0.8197 | 0.8666 | 05178 | 0.7242 | 0.6375 | 0.7995 | 0.8443
5 1.6629 | 2.3313 | 2.0490 | 25755 | 2.7245 | 15151 | 2.1200 | 1.8688 | 2.3404 | 2.4680 | 1.4788 | 2.0681 | 1.8244 | 22825 | 2.4048
10 | 23179 | 32502 | 2.8588 | 3.5929 | 3.7965 | 2.1200 | 2.9665 | 2.6160 | 3.2753 | 3.4520 | 2.0705 | 2.8954 | 25552 | 3.1957 | 3.3656
1 1.4467 | 17771 | 15582 | 1.6923 | 1.8170 | 1.3789 | 1.6794 | 1.4793 | 15986 | 1.7126 | 1.3671 | 1.6577 | 14640 | 15785 | 1.6888
CEFE |2 47434 | 58264 | 5.1090 | 55483 | 5.9571 | 45271 | 55124 | 48569 | 52483 | 5.6219 | 4.4891 | 5.4430 | 4.8077 | 5.1841 | 55462
5 | 13.3203 | 16.3545 | 14.3452 | 155733 | 16.7183 | 12.7384 | 15.5019 | 13.6667 | 14.7664 | 15.8123 | 12.6139 | 15.3002 | 13.5153 | 14.5793 | 15.5960
10 | 18.5237 | 22.7229 | 19.9401 | 21.6338 | 23.2185 | 17.6986 | 21.5404 | 18.9897 | 20.5182 | 21.9704 | 17.4887 | 21.2359 | 18.7471 | 20.2326 | 21.6490
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Table 13. DFFs of the Al/Al,0; 2D-FG square microplates for various BCs, a/h, py, p, and h/¢

a/h=5 a/h =10 a/h =20

BCs | h/¢ (P, 0y) (px,0y) (Px,Dy)
(1,1) (2,2) (2,1) (5,1) (5,2) (1,1) (2,2) (2,1) (5,1) (5,2) (1,1) (2,2) 2,1) (5,1) (5,2)
1 | 23.8654 | 21.0540 | 22.2381 | 20.4351 | 19.7331 | 26.8033 | 23.3411 | 24.7441 | 22.5234 | 21.7883 | 28.3459 | 24.7123 | 26.1884 | 23.8583 | 23.0759
ccce |2 | 12.6736 | 11.0256 | 11.6923 | 106316 | 10.2881 | 14.7913 | 12.8776 | 13.6520 | 12.4248 | 12.0211 | 15.6618 | 13.6501 | 14.4659 | 13.1763 | 12.7461
5 7.4009 | 6.4339 | 6.8232 | 6.2012 | 6.0039 | 8.8077 | 7.6659 | 8.1266 | 7.3943 | 7.1565 | 9.3724 | 8.1630 | 8.6518 | 7.8768 | 7.6223
10 | 6.2065 | 53990 | 5.7240 | 5.2042 | 5.0394 | 7.4655 | 6.4989 | 6.8889 | 6.2684 | 6.0674 | 7.9656 | 6.9363 | 7.3519 | 6.6921 | 6.4764
1 | 19.4425 | 16.9681 | 18.0971 | 16.6382 | 15.9987 | 22.0336 | 19.2143 | 20.5346 | 18.9242 | 18.1660 | 22.9780 | 20.0422 | 21.4411 | 19.7915 | 18.9795
scsc |2 | 10.6011 | 93243 | 99462 | 9.1402 | 8.7907 | 12.1688 | 10.6063 | 11.3376 | 104463 | 10.0284 | 12.6989 | 11.0705 | 11.8456 | 10.9315 | 10.4840
5 6.3114 | 5.4975 | 5.8660 | 5.3861 | 5.1825 | 7.2623 | 6.3235 | 6.7627 | 6.2285 | 59804 | 7.6018 | 6.6191 | 7.0857 | 6.5352 | 6.2690
10 | 53266 | 4.6399 | 49512 | 45464 | 43749 | 6.1581 | 53615 | 5.7347 | 5.2816 | 5.0713 | 6.4551 | 5.6192 | 6.0160 | 5.5475 | 5.3218
1 | 17.3442 | 15.3300 | 16.1963 | 14.8964 | 14.3332 | 18.2576 | 15.9753 | 16.9524 | 15.4677 | 15.0089 | 18.8152 | 16.4683 | 17.4724 | 15.9384 | 15.4782
sssc |2 9.1143 | 7.9703 | 84631 | 7.7235 | 7.4808 | 10.0859 | 8.8163 | 9.3597 | 85320 | 8.2803 | 10.3991 | 9.0927 | 9.6514 | 8.7959 | 8.5431
5 5.4078 | 4.7175 | 5.0140 | 4.5652 | 4.4245 | 6.0234 | 5.2540 | 55832 | 50789 | 4.9311 | 6.2234 | 54292 | 57687 | 5.2465 | 5.0972
10 | 45719 | 3.9868 | 4.2380 | 3.8563 | 3.7387 | 5.1027 | 4.4495 | 47291 | 4.3003 | 4.1757 | 52761 | 4.6009 | 4.8896 | 4.4453 | 4.3190
1 | 141941 | 12.3511 | 13.0755 | 11.9144 | 115788 | 15.4561 | 13.4147 | 14.2057 | 12.9214 | 12.5762 | 15.8573 | 13.7500 | 14.5623 | 13.2384 | 12.8914
SsSS 2 7.8293 | 6.8039 | 7.2053 | 6.5593 | 6.3766 | 8.5411 | 7.4033 | 7.8425 | 7.1271 | 6.9385 | 8.7654 | 7.5908 | 8.0420 | 7.3044 | 7.1146
5 | 46590 | 4.0366 | 4.2778 | 3.8857 | 3.7805 | 5.1050 | 4.4121 | 4.6775 | 4.2422 | 41323 | 52449 | 45292 | 4.8023 | 4.3533 | 4.2422
10 | 3.9431 | 3.4134 | 36179 | 3.2842 | 3.1964 | 4.3219 | 3.7332 | 3.9582 | 3.5885 | 3.4961 | 4.4403 | 3.8327 | 4.0642 | 3.6831 | 3.5895
1 | 145819 | 12.9024 | 13.2684 | 12.3539 | 12.2264 | 16.3602 | 14.5461 | 14.9012 | 13.9356 | 13.8179 | 16.9478 | 15.1023 | 15.4422 | 14.4693 | 14.3600
CSCF | 5 | 46982 | 4.1681 | 42772 | 3.9962 | 3.9594 | 5.3105 | 4.7351 | 4.8397 | 45419 | 45087 | 55080 | 4.9205 | 5.0209 | 4.7203 | 4.6896
10 | 3.9534 | 35102 | 35995 | 3.3663 | 3.3363 | 4.4867 | 4.0023 | 4.0887 | 3.8398 | 3.8127 | 4.6655 | 4.1687 | 4.2526 | 4.0000 | 3.9747
1 02014 | 8.0291 | 83902 | 7.7280 | 7.5666 | 9.7684 | 8.5329 | 89142 | 82276 | 8.0529 | 9.9360 | 8.6815 | 9.0702 | 8.3761 | 8.1963
SCSF | 5 29365 | 25714 | 2.6795 | 2.4816 | 24333 | 3.1217 | 2.7349 | 2.8508 | 2.6433 | 25902 | 3.1759 | 2.7827 | 2.9011 | 2.6907 | 2.6360
10 | 24743 | 2.1682 | 22582 | 2.0936 | 2.0533 | 26331 | 2.3077 | 24049 | 2.2310 | 2.1864 | 2.6797 | 2.3486 | 2.4480 | 2.2714 | 2.2255
1 72992 | 6.2507 | 6.7182 | 6.1483 | 59027 | 7.7092 | 6.5844 | 7.0944 | 6.4968 | 6.2277 | 7.8211 | 6.6735 | 7.1973 | 6.5919 | 6.3151
SFSF 2 4.0217 | 34467 | 3.7009 | 3.3903 | 3.2567 | 4.2408 | 3.6249 | 3.9022 | 35767 | 3.4302 | 4.3005 | 3.6725 | 3.9571 | 3.6275 | 3.4769
5 2.3814 | 20451 | 21906 | 2.0119 | 1.9351 | 25038 | 2.1442 | 23034 | 2.1158 | 2.0315 | 25377 | 2.1714 | 2.3346 | 2.1446 | 2.0579
10 | 2.0142 | 1.7303 | 1.8527 | 1.7027 | 1.6381 | 2.1151 | 1.8118 | 1.9457 | 1.7880 | 1.7170 | 2.1435 | 1.8345 | 1.9719 | 1.8120 | 1.7390
1 8.4950 | 7.4361 | 7.7441 | 7.1191 | 7.0035 | 89741 | 7.8654 | 8.1817 | 7.5324 | 7.4167 | 9.1120 | 7.9888 | 8.3080 | 7.6513 | 7.5354
SSSF 5 27213 | 2.3890 | 2.4798 | 2.2908 | 2.2585 | 2.8753 | 2.5258 | 2.6206 | 2.4226 | 2.3894 | 29193 | 25649 | 2.6610 | 2.4603 | 2.4268
10 | 22943 | 2.0155 | 2.0906 | 1.9331 | 1.9067 | 24251 | 2.1310 | 2.2103 | 2.0443 | 2.0167 | 2.4626 | 2.1641 | 2.2446 | 2.0762 | 2.0483
1 22391 | 2.0519 | 2.1920 | 2.1338 | 2.0566 | 2.2806 | 2.0958 | 2.2362 | 2.1812 | 2.1038 | 2.2875 | 2.1053 | 2.2445 | 2.1911 | 2.1144
CFFF | 5 | 07387 | 06770 | 0.7231 | 0.7041 | 0.6787 | 0.7506 | 0.6900 | 0.7360 | 0.7179 | 0.6926 | 0.7531 | 0.6930 | 0.7388 | 0.7211 | 0.6960
10 | 06265 | 05742 | 06133 | 05972 | 0.5757 | 0.6365 | 0.5850 | 0.6240 | 0.6086 | 0.5872 | 0.6390 | 0.5877 | 0.6267 | 0.6116 | 0.5902
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Table 14. DCBLs of the Al/Al,05 2D-FG square microplates for various BCs, p,, p, and h/¢ (a/h = 10)

1=1Ly,=0,y3=0)

1=Ly,=1y;=0)

ri=Ly,=1y3=1)

BCs (Px, py) (Px, Py) (Px, Dy)
(1,1) (2,2) (2,1) (5,1) (5,2) (1,1) (2,2) (2,1) (5,1) (5,2) (1,1) (2,2) (2,1) (5,1) (5,2)
1 | 217.3249 | 154.4228 | 170.7548 | 136.6028 | 132.2397 | 120.7495 | 85.6311 | 97.6842 | 77.9763 | 73.7531 | 101.3593 | 70.6679 | 81.1852 | 64.8569 | 61.1495
cece |2 66.0540 | 46.9201 | 51.8773 | 415154 | 40.2010 | 36.7901 | 26.0767 | 29.7453 | 23.7387 | 22.4626 | 30.7939 | 21.4645 | 24.6535 | 19.6939 | 18.5775
5 23.2369 | 16.5023 | 18.2354 | 146136 | 14.1622 | 13.0462 | 9.2382 | 10.5351 | 8.4044 | 7.9612 | 10.8250 | 7.5468 | 8.6606 | 6.9203 | 6.5368
10 | 165412 | 11.7518 | 12.9796 | 10.4126 | 10.0944 9.3392 6.6111 | 7.5383 | 6.0129 | 5.6981 7.7058 53764 | 6.1661 | 4.9293 | 4.6591
1 | 158.6471 | 1125316 | 127.6056 | 102.4286 | 97.1129 | 88.1194 | 63.8791 | 73.9217 | 60.9138 | 56.7340 | 78.2822 | 55.5561 | 64.7686 | 52.9833 | 49.1883
scse |2 483549 | 34.2631 | 38.8619 | 31.1872 | 295763 | 26.8745 | 19.4667 | 22.5348 | 18.5639 | 17.2942 | 23.8421 | 16.9078 | 19.7172 | 16.1241 | 14.9736
5 17.1558 | 12.1293 | 13.7609 | 11.0395 | 10.4773 9.5581 6.9131 | 8.0081 | 6.5934 | 6.1464 8.4445 5.9803 | 6.9777 | 5.7026 | 5.2999
10 | 12.2530 8.6585 9.8224 7.8808 7.4816 6.8473 49515 | 57368 | 4.7232 | 4.4041 6.0337 42730 | 4.9860 | 4.0748 | 3.7882
1 | 131.3893 | 92.1398 | 107.4444 | 84.1078 | 78.2743 | 67.4175 | 48.3327 | 56.3278 | 45.1621 | 42.0782 | 61.5891 | 43.4162 | 50.8897 | 40.6728 | 37.7653
sssc | 5 14.2760 9.9414 11.6218 9.0442 8.4269 7.3315 5.2243 | 6.1060 | 4.8674 | 4.5403 6.6757 46794 | 54993 | 4.3735 | 4.0657
10 | 10.2070 7.1008 8.3022 6.4563 6.0178 5.2495 3.7375 | 4.3704 | 3.4809 | 3.2478 47724 3.3431 | 3.9303 | 3.1237 | 2.9047
1 96.5252 | 70.1503 | 77.2909 | 63.8697 | 61.4569 | 49.6833 | 35.7427 | 40.5256 | 32.9154 | 31.2053 | 46.4534 | 32.8783 | 37.5671 | 30.4976 | 28.7790
ssss |2 29.4615 | 21.3692 | 235499 | 19.4430 | 187157 | 15.1686 | 10.8872 | 12.3507 | 10.0162 | 9.5005 | 14.1781 | 10.0119 | 11.4458 | 9.2795 | 8.7609
5 10.5016 7.5857 8.3618 6.8916 6.6404 5.4122 3.8650 | 4.3805 | 3.5480 | 3.3692 5.0534 35506 | 4.0637 | 3.2852 | 3.1051
10 7.5098 5.4210 5.9744 4.9238 47459 3.8720 2.7625 | 3.1378 | 25349 | 2.4079 3.6129 25359 | 29029 | 2.3458 | 2.2179
1 70.1988 | 56.5506 | 58.3546 | 54.0124 | 53.7050 | 51.8709 | 41.8435 | 43.0339 | 40.0555 | 39.9189 | 24.7639 | 20.7644 | 21.1185 | 20.1602 | 20.1392
CSCF | 5 7.0293 5.6656 5.8443 5.4139 5.3859 5.1869 41983 | 43134 | 4.0240 | 4.0107 2.3854 2.0101 | 2.0422 | 1.9542 | 1.9524
10 4.9339 3.9758 4.1008 3.7990 3.7800 3.6501 2.9543 | 3.0352 | 2.8313 | 2.8220 1.6582 1.3983 | 1.4204 | 1.3595 | 1.3582
1 47.7442 | 375004 | 38.8497 | 35.3010 | 35.1350 | 25.2329 | 19.2799 | 20.5129 | 17.8473 | 17.4449 | 15.0052 | 12.1085 | 12.5159 | 115411 | 11.4534
SCSF | 5 4.6507 3.6617 3.7922 3.4495 3.4340 2.4897 1.9168 | 2.0304 | 1.7835 | 1.7474 1.4485 1.1759 | 1.2137 | 1.1242 | 1.1158
10 3.2781 2.5828 2.6745 2.4336 2.4228 1.7608 1.3572 | 1.4368 | 1.2636 | 1.2383 1.0171 0.8267 | 0.8531 | 0.7908 | 0.7849
1 46.1659 | 36.0414 | 37.7156 | 33.9813 | 33.3979 | 22.6114 | 16.5721 | 18.3871 | 15.6699 | 14.8772 | 14.5529 | 11.7133 | 12.1329 | 11.1951 | 11.1033
SFSF | 5 45035 3.5279 3.6902 3.3332 3.2745 2.2742 1.6994 | 1.8510 | 1.6024 | 1.5403 1.4049 1.1376 | 1.1762 | 1.0901 | 1.0815
10 3.1759 2.4900 2.6041 2.3533 2.3120 1.6112 1.2068 | 1.3118 | 1.1378 | 1.0952 0.9866 0.7998 | 0.8268 | 0.7668 | 0.7608
1 47.6452 | 37.3267 | 38.7625 | 35.0865 | 34.8493 | 23.6001 | 17.9947 | 19.1630 | 16.5440 | 16.2057 | 14.7132 | 11.8955 | 12.2622 | 11.3176 | 11.2619
sssp |2 14.0801 | 11.0410 | 11.4615 | 10.3820 | 10.3145 7.0081 5.3582 | 5.6940 | 4.9341 | 4.8389 4.3331 35094 | 3.6159 | 3.3419 | 3.3257
5 4.6492 3.6546 3.7906 3.4397 3.4192 2.3393 1.7994 | 1.9037 | 1.6628 | 1.6347 1.4189 1.1541 | 1.1877 | 1.1011 | 1.0960
10 3.2781 2.5789 2.6743 2.4279 2.4137 1.6549 1.2746 | 1.3475 | 1.1786 | 1.1592 0.9963 0.8113 | 0.8347 | 0.7745 | 0.7709
1 15.3929 | 11.3382 | 13.0263 | 11.0145 | 10.1897 5.2255 3.9407 | 4.6514 | 4.0611 | 3.6992 1.7917 1.3297 | 15563 | 1.3313 | 1.2161
e 45639 3.3641 3.8644 3.2689 3.0236 1.5885 1.1980 | 1.4136 | 1.2342 | 1.1244 0.5364 0.3982 | 0.4658 | 0.3984 | 0.3640
5 1.5211 1.1234 1.2896 1.0921 1.0100 0.5612 0.4231 | 0.4990 | 0.4355 | 0.3969 0.1829 0.1358 | 0.1587 | 0.1357 | 0.1240
10 1.0748 0.7944 0.9116 0.7722 0.7144 0.4024 0.3032 | 0.3577 | 0.3121 | 0.2844 0.1300 0.0966 | 0.1128 | 0.0964 | 0.0882
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4.3 3D FG microplates

Due to no available results for the 3D-FG microplates, verification is carried out for their structural
responses without the size effect (¢ = 0). The first four natural frequencies of the Al/Al>O3 and
buckling loads of SUS304/SisN4 3D-plates are provided in Tables 15 and 16. They are computed from
IGA based on generalized shear deformation theory (GSDT [65]) and 3D elasticity theory [67]. Again,

the obtained results are very close to the previous studies.

The DCDs, DCBLs and DFFs of the 3D-FG square microplates for nine BCs are presented in Tables
17 and 18 with respect to the variation of the gradient indexes in tri-directions, h/¢ and a/h. For the
first time, the flexural, stability and free vibration responses of the 3D-FG square microplates are

investigated, and the presented results can be used for the benchmark studies.

The results of SSSS, SSSC, SCSC and CCCC 3D-FG microplates are also investigated with respect to
the gradient index for tri-directions (p, = p, = p, = p) in Fig. 11. It is clear that with the inclusion
of the clamped edge leads to have a decrement in the DCDs and an increment in the DCBLs and DFFs.
In addition, the effect of the gradient index becomes more visible with the inclusion of clamped edge
for DCBLs and DFFs. However, this effect on the DCDs is more pronounced for the microplates with
the inclusion of simply supported edge than the inclusion of clamped edge. While p > 6, the variations

of the DCBLs and DFFs are not observed, but those of the DCD are still remarkable.

And finally, the biaxial buckling mode shapes of SCSF, CSCF, SFSF, SSSF, CFFF 3D-FG microplates

are revealed in Fig. 12,



Table 15. Verification studies on first four DFFs (Q = w%ﬁ) of the Al/Al,05 3D-FG square

plates for different BCs, py, py, pz, (a/h = 20).

Em

BCs Theory Mode Px =Py =Pz =P
0 1 2 5
Present- &, # 0 1 5.9219 | 3.9840 | 3.6029 | 3.3081
IGA — 3D Elasticity ([67]) 59219 | 3.9430 | 35680 | 3.2946
Present-¢, # 0 9 14.6204 | 9.8297 8.7416 7.9085
ssss | IGA - 3D Elasticity ([67]) 14.6199 | 9.7323 | 8.6701 | 7.8877
Present- ¢, # 0 3 23.1081 | 15.0947 | 13.4416 | 12.3539
IGA — 3D Elasticity ([67]) 23.1084 | 149711 | 13.3670 | 12.3326
Present - &, # 0 4 28.6697 | 19.3571 | 17.1036 | 15.4799
IGA — 3D Elasticity ([67]) 28.6674 | 19.1597 | 16.9738 | 15.4453
Present - &, # 0 1 10.8216 | 6.8464 | 6.2929 | 5.9508
IGA — 3D Elasticity ([67]) 10.6742 | 6.6877 | 6.1573 | 5.8471
Present- &, # 0 5 21.6826 | 14.1338 | 12.8143 | 11.8230
CCCC | IGA — 3D Elasticity ([67]) 21.3315 | 13.7138 | 12.4436 | 11.5707
Present - &, # 0 3 31.3898 | 20.3517 | 18.3374 | 16.8998
IGA — 3D Elasticity ([67]) 30.8881 | 19.7475 | 17.8457 | 16.5753
Present- ¢, # 0 4 37.8699 | 25.0909 | 22.6301 | 20.6586
IGA — 3D Elasticity ([67]) 37.3124 | 24.3297 | 21.8867 | 20.1766
2
Table 16. Verification studies on the DCBLs (Ncr =N, RZD ) of the SUS304/Si3N, 3D-FG square

3
plates for different BCs (p, = p, =1, D, = lzf;fvz)) with Mori-Tanaka scheme.
P
BCs Theory a/h
0 1 2 5
Present-¢, # 0 10 2.5896 2.4388 2.4070 2.3717
SSSS | IGA — GSDT ([65]) 2.6003 | 2.4470 | 2.4155 | 2.3819
(1,0,0) | Present-¢, # 0 100 2.7508 2.5903 2.5588 2.5233
IGA — GSDT ([65]) 2.7509 | 2.5877 | 2.5564 | 2.5228
Present-¢, # 0 10 1.2974 1.2201 1.2039 1.1861
SSSS | IGA — GSDT ([65]) 1.3027 1.2241 1.2081 1.1911
(1,1,0) | Present-¢, # 0 100 1.3772 | 1.2956 | 1.2797 | 1.2618
IGA — GSDT ([65]) 1.3772 | 1.2943 | 1.2785 | 1.2615
CFFF Present - . = 0 10 0.4002 0.3776 0.3730 0.3681
(1,0,0) z 100 0.4054 0.3826 0.3782 0.3733
Present-¢, # 0 10 0.1577 0.1515 0.1502 0.1488
CFFF | IGA—GSDT ([65]) 0.1552 | 0.1492 | 0.1480 | 0.1467
(1,1,0) | Present - &, # 0 100 0.1587 0.1525 0.1513 0.1499
IGA — GSDT ([65]) 0.1572 | 0.1511 | 0.1500 | 0.1487
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Table 17. DCDs (sinusoidally distributed load) and DFFs of the Al/Al,05 3D-FG square microplates for various BCs, a/h, py, vy, p, and h/¢

DCD DFF
BCs | hye a/h=5 \ a/h =10 a/h=5 \ a/h =10
Dx =Dy =Dz =D
1 2 5 1 2 5 1 2 5 1 2 5
1 | 00342 | 0.0449 | 0.0508 | 0.0261 | 0.0344 | 0.0387 | 21.4919 | 19.2848 | 18.2396 | 24.1196 | 21.5994 | 20.4744
ccce |2 | 01139 | 01495 | 01687 | 00860 | 01129 | 01270 | 11.3856 | 10.2246 | 9.6857 | 13.2862 | 11.9109 | 11.3024
5 | 03322 | 04354 | 04881 | 0.2452 | 03182 | 0.3565 | 6.6258 | 59570 | 56576 | 7.8617 | 7.0920 | 6.7370
10 | 04694 | 06138 | 0.6861 | 0.3433 | 04425 | 0.4951 | 55465 | 4.9928 | 4.7488 | 6.6433 | 6.0111 | 5.7146
1 | 00451 | 0.0591 | 0.0669 | 0.0360 | 0.0474 | 0.0533 | 17.5196 | 15.7398 | 14.8861 | 19.8317 | 17.7617 | 16.8389
scsc |2 | 01494 | 0.1956 | 02206 | 0.185 | 0.1554 | 0.746 | 96102 | 8.6379 | 8.1839 | 10.0271 | 0.8054 | 9.3024
5 | 04291 | 05603 | 06281 | 0.3368 | 04364 | 0.4886 | 56490 | 50863 | 4.8319 | 6.4812 | 58472 | 55570
10 | 06012 | 0.7829 | 0.8750 | 0.4711 | 0.6064 | 06781 | 4.7573 | 4.2898 | 4.0806 | 5.4794 | 4.9582 | 4.7156
1 | 00595 | 0.0773 | 0.0867 | 0.0499 | 0.0649 | 00724 | 15.4666 | 13.8456 | 13.0098 | 16.4479 | 14.7364 | 13.9724
sssc |2 | 01961 | 02548 | 0.2854 | 01638 | 02126 | 02370 | 8.1986 | 7.3645 | 6.9684 | 9.0751 | 8.1435 | 7.7222
5 | 05571 | 0.7224 | 0.8064 | 04619 | 05945 | 0.6622 | 4.8531 | 4.3647 | 4.1359 | 5.4030 | 4.8691 | 4.6182
10 | 07771 | 1.0052 | 1.1204 | 0.6450 | 0.8259 | 0.9200 | 4.0991 | 3.6913 | 3.5002 | 45707 | 4.1292 | 3.9165
1 | 00783 | 0.1029 | 01029 | 0.0679 | 0.0898 | 0.1006 | 12.7496 | 11.4135 | 10.8182 | 13.8703 | 12.3732 | 11.7497
ssss | 2 | 02574 | 03381 | 03381 | 0.2229 | 0.2937 | 0.3201 | 7.0273 | 6.2925 | 59673 | 7.6566 | 6.8304 | 6.4952
5 | 0.7272 | 0.9528 | 09528 | 06275 | 0.8201 | 0.9189 | 4.1728 | 3.7418 | 3.5524 | 45639 | 4.0919 | 3.8863
10 | 1.0128 | 1.3236 | 1.3236 | 0.8774 | 11408 | 12785 | 35277 | 3.1674 | 3.0083 | 3.8588 | 3.4676 | 3.2931
1 | 00517 | 0.0673 | 0.0760 | 0.0407 | 0.0532 | 0.0596 | 13.4449 | 12.3407 | 11.9469 | 15.1263 | 13.9296 | 13.5363
cscp |2 | 01706 | 0.2223 | 02501 | 0.340 | 0742 | 01950 | 7.369 | 6.7771 | 65712 | 8.3177 | 7.675 | 7.4635
5 | 04881 | 0.6338 | 0.7089 | 0.3803 | 04881 | 05444 | 4.3252 | 3.9903 | 3.8779 | 4.9013 | 45478 | 4.4300
10 | 06833 | 0.8850 | 0.9870 | 05314 | 06778 | 0.7548 | 3.6372 | 3.3612 | 3.2699 | 4.1356 | 3.8466 | 3.7489
1 | 00928 | 0.1224 | 01393 | 0.0805 | 01067 | 0.1209 | 8.3169 | 7.5369 | 7.2545 | 8.8522 | 8.0109 | 7.7137
scsp |2 | 03067 | 04032 | 04573 | 02663 | 03506 | 03964 | 45581 | 4.1368 | 39842 | 4.8422 | 43043 | 4.2352
5 | 0.8798 | 1.1452 | 12893 | 0.7650 | 00910 | 1.1144 | 2.6566 | 2.4262 | 2.3431 | 2.8223 | 2.5795 | 2.4911
10 | 12321 | 15952 | 1.7911 | 1.0742 | 1.3809 | 15505 | 2.2355 | 2.0478 | 1.9791 | 2.3761 | 2.1785 | 2.1046
1 | 01929 | 0.2570 | 02881 | 0.1741 | 02332 | 0.2604 | 65432 | 58206 | 55354 | 6.9217 | 6.1343 | 58412
SEse |2 | 06300 [ 08384 | 09399 | 05716 | 0.7624 | 0.8519 | 36106 | 32131 | 3.0553 | 3.8068 | 3.3810 | 3.2192
5 | 17671 | 2.3295 | 26125 | 16152 | 21296 | 2.3852 | 2.1376 | 10120 | 1.8176 | 2.2459 | 2.0075 | 1.9092
10 | 24574 | 3.2264 | 3.6206 | 2.2604 | 2.9641 | 3.3247 | 1.8068 | 16201 | 1.5396 | 1.8953 | 1.6988 | 1.6147
1 | 01274 | 0.1665 | 0.1874 | 0.1141 | 01493 | 0.1672 | 7.7021 | 6.9784 | 6.7124 | 8.1460 | 7.3802 | 7.1097
oo |2 | 04103 [ 05464 | 06138 | 0.3750 | 0.4897 | 05477 | 4.2241 | 38344 | 3.6021 | 44645 | 4.0545 | 3.9087
5 | 11896 | 15382 | 1.7201 | 1.0694 | 13765 | 15363 | 24742 | 2.2582 | 2.1796 | 2.6141 | 2.3882 | 2.3058
10 | 16590 | 2.1362 | 2.3859 | 1.4979 | 19171 | 2.1396 | 2.0857 | 10084 | 1.8428 | 2.2035 | 2.0182 | 1.9486
1 | 06539 | 0.7413 | 0.7559 | 0.6146 | 06921 | 0.7040 | 2.1679 | 2.0580 | 2.0356 | 2.2139 | 2.1064 | 2.1024
CFFE |2 | 21466 | 24310 | 24790 | 20202 | 22717 | 23114 | 11967 | 11373 | 1133 | 1.2209 | 11630 | 1.1606
5 | 60476 | 6.8254 | 6.9627 | 5.7024 | 6.3866 | 65039 | 0.7129 | 06795 | 0.6771 | 0.7262 | 0.6939 | 0.6920
10 | 84157 | 9.4761 | 9.6666 | 7.9342 | 8.8690 | 9.0350 | 0.6040 | 05766 | 05744 | 0.6149 | 05884 | 0.5867




Table 18. DCBLs of the Al/Al,05 3D-FG square microplates for various BCs, py, py, p, and h/¢ (a/h = 10)

1=1y,=0,y3=0) ‘ i=1Ly,=1y;=0) ‘ ri=Ly,=1y;=1)
BCs h/¢ Dx =Py =Pz =D
1 2 5 1 2 5 1 2 5
1 175.3083 | 136.5121 | 123.5047 95.8715 74.0879 | 66.5191 80.4783 61.9939 | 56.3023
ccee 2 53.1287 41.4907 37.5847 29.0932 22.5624 | 20.2846 24,3684 18.8334 | 17.1218
5 18.5575 14.6151 13.2777 10.2117 7.9990 7.2131 8.4973 6.6296 6.0399
10 13.1679 10.4191 9.4759 7.2736 5.7279 5.1708 6.0285 47276 4.3097
1 125.5015 96.8767 86.9676 70.8674 55.5185 | 49.9444 62.7678 48.8834 | 44.5088
SCSC 2 38.1018 29.5133 26.5276 21.5327 16.9260 | 15.2459 19.0508 14.8845 | 13.5649
5 13.3859 10.4683 9.4359 7.5871 6.0202 5.4386 6.6900 5.2741 4.8159
10 9.5169 7.4814 6.7502 5.4117 4.3164 3.9039 4.7621 3.7729 3.4471
1 100.1822 75.3041 65.4284 52.8245 40.6733 | 36.0019 48.3257 37.0976 | 33.2487
SSSC 5 10.7742 8.2054 7.1367 5.6971 4.4365 3.9309 5.1942 4.0300 3.6157
10 7.6773 5.8792 5.1145 4.0676 3.1827 2.8203 3.7033 2.8863 2.5898
1 77.4609 60.6738 54,6938 39.2471 30.4658 | 27.3528 36.7160 28.4200 | 25.8041
SSSS 2 23.6060 18.5342 16.7118 11.9607 9.3073 8.3578 11.1838 8.6764 7.8792
5 8.3829 6.6255 5.9778 4.2482 3.3281 2.9897 3.9663 3.0965 2.8129
10 5.9838 4.7487 4.2850 3.0327 2.3858 2.1432 2.8291 2.2175 2.0142
1 62.1815 54.3957 52.9858 46.0168 40.4679 | 39.6119 22.4829 20.3317 | 20.1076
CSCF 5 6.1976 5.4612 5.3242 4.5875 4.0680 3.9831 2.1641 1.9720 1.9497
10 4.3414 3.8349 3.7387 3.2217 2.8638 2.8030 1.5028 1.3724 1.3564
1 39.5819 33.4387 31.0644 21.1514 17.5852 | 16.6303 13.2049 11.5686 | 11.2834
SCSF 2 11.6716 9.8872 9.1825 6.2705 5.2414 4.9660 3.8891 3.4178 3.3341
5 3.8306 3.2706 3.0386 2.0840 1.7650 1.6781 1.2729 1.1277 1.1004
10 2.6923 2.3098 2.1487 1.4702 1.2520 1.1907 0.8925 0.7936 0.7743
1 39.5819 33.4387 31.0644 18.5207 14.6532 | 13.3163 12.8082 11.1681 | 10.6502
SESF 2 11.6716 9.8872 9.1825 5.5486 4.4284 4.0300 3.7732 3.3001 3.1521
5 3.8306 3.2706 3.0386 1.8826 1.5343 1.4021 1.2359 1.0895 1.0442
10 2.6923 2.3098 2.1487 1.3330 1.0938 0.9999 0.8667 0.7669 0.7358
1 41.3634 35.4755 34.3369 19.6745 16.2574 | 15.2804 12.9707 11.3863 | 11.1234
SSSF 5 4.0189 3.4874 3.3805 1.9602 1.6511 1.5626 1.2509 1.1095 1.0840
10 2.8277 2.4637 2.3875 1.3854 1.1729 1.1104 0.8774 0.7809 0.7627
1 12.4921 9.9942 9.1883 4.3976 3.6230 3.4293 1.4726 1.1884 1.1040
CFEF 2 3.6893 2.9658 2.7273 1.3322 1.1015 1.0421 0.4390 0.3558 0.3304
5 1.2155 0.9912 0.9123 0.4663 0.3891 0.3677 0.1479 0.1214 0.1127
10 0.8529 0.7017 0.6462 0.3327 0.2790 0.2635 0.1045 0.0864 0.0802
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Figure 11. DCDs (sinusoidally), DCBLs (biaxial) and DFFs of CCCC, SCSC, SSSC and SSSS 3D-
FG microplates with respect to p, = p, = p, =p (a/h = 10,h/t,, = 1)
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Figure 12. The biaxial buckling mode shapes of SCSF, CSCF, SFSF, SSSF and CFFF 3D-FG
microplates (a/h = 10,h/¢,, = 1,p, = 10,p, = p, = 1)
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5. Conclusion

The structural behaviors of the multi-directional FG microplates are investigated by using the MSGT
and FEM formulation. The material properties vary continuously both in-plane and through-thickness
directions. The effect of the material gradient indexes in the x-, y and z-directions are evaluated for
nine different BCs with respect to variation of the a/h and h/¢. The structural behaviours of the 3D-
FG strain gradient microplates can be controlled by the p,, p, and p,. New results for the deflections,
natural frequencies and buckling loads of multi-directional FG microplates are presented as benchmark

for the future studies. Some of important outputs can be expresses by:

MSGT should be used for vibration and buckling analysis of the FG microplates when h/¢ <

20 and bending one when h/¢ < 40.

e The effect of the p,,p, and p, on the DCDs, DCBLs, and DFFs should be evaluated by
considering the BCs and h/?.

e The location of the maximum deflection on the multi-directional FG microplates can be
controlled by selecting the p, and p,,.

e The vibration and buckling mode shapes can be modified by changing the material properties

in in-plane directions.
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8 4
- § ¢i,xy(pj,xy) + EAW (q)i,x(pj,x + (Pi,y<pj,y)

Ps,
+ ? (7§0i,xxx§0j,xxx + 17§0i,xxy§0j,xxy + 17(Pi,xyy§0j,xyy + 7§0i,yyyfpj,yyy
+ 2‘/’i,xxx¢j,xyy + 2(pi,xyy(pj,xxx + 2<pi,xxy(pj,yyy + 2(pi,yyy(pj,xxy)
DU
- ? (goi,xgoj,xxx + §0i,xxx§0j,x + ¢i,x¢j,xyy + §0i,xyy§0j,x + §0i,xxy(.0j,y + (Pi,y(Pj,xxy

T PiyPjyyy ‘/’i,yyy‘Pj,y)] dxdy (al0)
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K34(i;j) = f [Ell((pi,xx(pj,xx + (pi,yy(pj,yy) + E12 ((pi,xx(pj,yy + (pi,yy(pj,xx)

Ae

1
+ CC44((pi,x(pj,x + (pi,y(pj,y) + 4GG44(pi,xy(Pj,xy + E C)(‘/)i,xy(pj,xy
1
+ ) Cx((pi,yy(pj,yy — PiyyPixx — PixxPjyy T (Pi,xx(Pj,xx)

1
+ gp)(((pi,xfpj,x + (Pi,y(/)j,y)

4 2 1 1 4
+]17 (E (pi,xx(/)j,xx + § (Pi,xy(pj,xy - E‘pi,xeOj,yy - E <pi,yy<pj,xx + E (pi,yy(pj,yy>

4
+ EB" (fpi,xfpj,x + ‘Pi,y‘Pj.y)

31 8 11 11
+ BSn <E Qoi,xx(pj,xx + § (pi,xy(/)j,xy + E (pi,xx(/)j,yy + E (pi,yy(/)j,xx

31 1
+ E(Pi,yy(pj,yy) - §E77 (¢i,x¢j,xxx + PixPjxyy + PiyPjxxy + Qoi,y(Pj,yyy)

1
- an (¢i,xxx§0j,x + ¢i,xyy¢j,x + ¢i,xxy¢j,y + ¢i,yyy¢j,y)

8 4 2 2
+ LSn <_ E(pi,xx(Pj,xx - §(pi,xy(pj,xy + E (pi,xx(pj,yy + 1_5§Di,yy<pj,xx
8
- E‘Pi,yy‘f’j,yy)
8 4 2 2
+ MSn (_ E ¢i,xx§0j,xx - § §0i,xy§0j,xy + E (Pi,xx(Pj,yy + Ewi,yy(Pj,xx

8
15 ‘Pi.yy‘/’j.yy>

7 2 17 2
+ ESn (E q’i,xxx‘/’j,xxx + g ¢i,xxx<pj,xyy + ? (pi,xxy<pj,xxy + g ¢i,xyy(pj,xxx
17 2 2
+ 5 PixyyPjxyy + t PixxyPjyyy + c PiyyyPjxxy
7
tT ‘Pi,yyy‘/’j,yyy> dxdy (al1)
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. 1
K35(l;]) = f [_le ((pi,xx(pj + (pi,yy(pj) + N44((pi,x(pj,x + (Pi,y(pj,y) + EFxgoi,xy(pj,xy
Ae

+ F)(((pi,yy(pj,yy + (pi,xx(pj,xx - (pi,xx(pj,yy - (Pi,yy(pj,xx)

s N

3
+ gR)(((pi,x(pj,x + <pi,y(pj,y) - ENTI (‘pi,xx(pj + q)i,yyq)j)

8
— ECH ((pi‘x(pj,x + (Pi,y(pj,y)

3
- EYr] ((pi,xxyq)j,y + PiyyyPj,y + DPixxxPjx + <pi,xyy(Pj,x)
1

- EHSn ((pi,xx(pj + (pi,yy(pj)
2 1 1 4 4
+ YSn (§ (pi,xy(pj,xy - E(pi,xx(pj,yy - E (pi,yy(pj,xx + E (Pi,yy(/)j,yy + E (pi,xx(pj,xx>
8 4 2 2
+ CSn <_ E(pi,xx(pj,xx - § (pi,xy(pj,xy + 1_5 (pi,xx(pj,yy + E (pi,yy(pj,xx
8
- E(pi,yy(pj,yy)] dxdy (a12)
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K44(i;j) = f [Fll((pi,xx(pj,xx + (pi,yy(pj,yy) + F12 ((pi,xx(pj,yy + (pi,yy(pj,xx)

Ae

1
+ D44((pi,x§0j,x + (pi,y(pj,y) + 4L44(pi,xy(Pj,xy + ED)((pi,xy(Pj,xy
1
+ ng((pi,yy(Pj,yy + (pi,xx(pj,xx - (Pi,xx(/)j,yy - (Pi,yy(/)j,xx)

1
+ ng((pi,x(pj,x + (Pi,y(pj,y)
4 4 1 1 2
+]17 <E Qoi,xx(pj,xx + E (pi,yy(pj,yy - E (pi,xx(/)j,yy - E (pi,yy(/)j,xx + § Qoi,xywj,xy)
4
+ EFn((pi,x(pj,x + (Pi,y(pj,y)

31 31 11 11 8
+ Tn <E Qoi,xx(pj,xx + E (Pi,yy(/)j,yy + E (pi,xx(/)j,yy + E‘pi,yygoj,xx + § (pi,xy(pj,xy>

16 16 4 4
+ MSn (_ E ¢i,xx§0j,xx - E ¢i,yy§0j,yy + E §0i,xx§0j,yy + E (Pi,yy(Pj,xx

8
- § ¢i,xy(pj,xy)

L
n
- ? ((Pi,x(pj,xxx + ¢i,xxx§0j,x + §0i,x§0j,xyy + Qai,xyy(Pj,x + ¢i,xxy§0j,y + (Pi,yfpj,xxy

T PiyPjyyy t+ ‘Pi,yyy‘/’j,y)

Rg,
+ ? (7(pi,xxx(pj,xxx + 17§Di,xxy(pj,xxy + 17(pi,xyy(pj,xyy + 7<pi,yyy(pj,yyy
+ Z(Pi,xxx(pj,xyy + 2§0i,xyy§0j,xxx + 2§0i,xxy§0j,yyy

+ 2(pi,yyy(Pj,xxy)] dXdy (a13)

. 1
K45(l;]) = ] [_le ((pi,xx(pj + §0i,yy§0j) + P44(§Di,x§0j,x + §0i,y(pj,y) + EGx(pi,nyDj,xy
Ae

1

+ 5 Gx((pi,yy(pj,yy + (pi,xx(pj,xx - (pi,xx(pj,yy - (pi,yy(pj,xx)
1 3 8

+ gsx(goi,x(pj,x + (pi,y<pj,y) - gpn (‘pi,xx‘pj + ¢i,yy‘pj) - EGn ((pi,x(pj,x + (pi,y(pj,y)
3

- gASn ((pi,xxy¢j,y + (pi,yyyq)j,y + (pi,xxx(pj,x + (pi,xyy(pj,x)

1
- EHSn ((Pi,xx(Pj + (pi,yy(pj)

2 1 1 4 4
+ YSn (§ PixyPjxy — E@i,xxgaj,yy - E DPiyyPjxx + E PiyyPjyy + E q)i,xxgoj,xx)

8 4 2 2
+ DSn <_ E(pi,xx(pj,xx - § (pi,xy(pj,xy + E (pi,xx(pj,yy + 1_5(pi,yy(pj,xx
8
- E‘Pi,yy‘ﬁ,yy)] dxdy (a14)
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. 1
Kss(i,)) = f [6611<Pi‘l’j + M44(‘Pi,x‘Pj,x + (Pi,y‘/’j.y) + EEX‘/’i.xy‘pj,xy

Ae

1
+ §E)(((pi,yy§0j,yy + (pi,xx(pj,xx - <pi,xx<pj,yy - q)i,yy(pj,xx)

1 70 31
+ §M)(((pi,x(pj,x + q’i,y‘ﬁj,y) + ?Mn(Pi(Pj + EXT] (q)i,x(Pj,x + (pi,y(pj,y)
1
- an ((pi(pj,xx + (pi,xx(pj + (pi(pj,yy + (pi,yy(Pj)
4 2 4 1
+ SSn (E (pi,xx(pj,xx + §(pi,xy(pj,xy + E(pi,yy(pj,yy - E(Pi,xx(pj,yy
1
~ 15 iy Oy )| dxdy (a15)
Myy (i) = f Togig;dxdy (al6)
Ae
Mys(i,J) = f Ly dxdy (@l7)
Ae
Mya(i,)) = — j J1 010, dxdy (al8)
Ae
My, (i, j) = f o, dxdy (a19)
Ae
Mys(i,J) = — f L@, dxdy (a20)
Ae
My, J) = — f J10:0;ydxdy (a21)
Ae
Ms3(i,j) = j Iopipjdxdy + j L(@ix@jx + @iy®;y)dxdy (a22)
Ae Ae
Ms,(i,j) = f lLopip;dxdy + f Js(@ix®jx + @iy y)dxdy (a23)
Ag Ag
Mas(i,j) = f Joip,dxdy (a24)
Ae
My (i,j) = j lLopip;dxdy + J Ky (0ixjx + @iy®jy)dxdy (a25)

Ae Ae



Mas(iy ) = f oo, dxdy
Ae

Mss(i,j) = f K, i@, dxdy

Ae

M12(i»j) =0, M15(i»f) = 0 and Mzs(i;j) =0

633(irj) = fo(pi,x(pj,xdxdy-l' .[_Ny(pi,y(pj,ydxdy-l'z .l- ny(pi,x(pj,ydxdy

Ae Ae Ae

G3,(i,7) = fo(Pi,xfpj,dedy+ fNy¢i.y¢j,dedy

Ae Ae

+ ijy((Pi,xQDj,y + ¢i,y¢j,x)dXdy

Ae

G35(i»j) = fo(pi,x(pj,xdxdy-l' j-Ny(pi,y(pf,dedy

Ae Ae

+ foy((pi,x(pj,y + (pi,yq)j,x)dXdy

Ae

644(i'j) = fogoi,xgoj,xdxdy'i' fNy¢i,y¢j,ydxdy+2 J ny(pi,x(pj,ydxdy
Ae

Ae Ae

G45(i;j) = ij%,x(Pj,ded}"l' JNyQDi,yng'ydxdy
Ae

Ae

+ foy(wi,x¢j,y + (pi,y¢j,x)dXdy

Ae

GSS(irj) = fo¢i,x¢j,xdxdy+ fNy¢i,y¢j,dedy+2 f ny<pi,x(pj,ydxdy

Ae Ae Ae

611(i’f) =0, G12(i’j) =0, G13(i,j) =0, 014(i,j) =0, G15(i'j) =0, Gzz(i'j) =0,
623(i:j) =0 ,Gz4(i,j) =0 and st(i,j) =0

F3(i,j) = f qe;p; dxdy
Ae

(a26)

(a27)

(a28)

(a29)

(a30)

(a31)

(a32)

(a33)

(a34)

(a35)

(a36)



Fy(i ) = f 90i0; dxdy (@37)

Ae

Lk

2 )2
(AlerlliCC11'D11'E11'F11)6611) = fh C11 (1;f1if2'f12'f1f2'f22!f3 )dZ (Cl38)

(A12' B12! CClZ! D12! E12! F12' GGlZ' HlZi L12)

LR

= f f C12(1»f1,fz»f12»f1f2;f22;f3’;f1f3’,fzfg’)dz (a39)

(A4-4-1 B4-4-' CC4_4_, D44, E44_, F44, GG44) H4-4-) L44,, M4,4_, N4,4_, P44-)

4
~ [ Gl = 7,0 = B = £, = £ fufe

f1f2»f12;f22'f32; 1- f1’)f3; 1- le)f3]dZ (a40)

(AX’BX’ CX’ DX’ EX’ FX’ GX’ HX’LX’ MX’NX’ PX’ RX’ SX’ TX’ WX)
+h)2 ,

- j QL L+ %A+ £V + £ A+ %L A+ D
—h)2

"2 "2

(1+f2’)f3ff1 1f2 lf3,21f3,'f1”f2”lf1”f3,lf2”f3,lf1”'f2”]dz (a41)

(U Ay, By, Coy Dy, Ey, By, Gy, Hy, Ly, My, Ny, By, Ry, Sy, Ty, X, ¥y, Asyy, By, Csy, Dy, Es, Fs, Gy,

HST/' LST]' MST]' NSn: PSn: RSnr SSn: TSn; XSn' st)

+h/2
"2 "o " 7] 7] "2 "o " " "2 "o "o 7]
=] Qr[[lffl lfl f2 ffl f3 'fl fllfl fZle le f3 'fZ fler f2!f3 'f3 fl ;f3 f2 ;f3 f3r

~h/2

AR B fs o B R o fo o fufo £ 1 s i o s BB o2 fs2 fu fo frldZ (a42)

h

p
o T unTonJss KoK = [0 (L R o F fifon 2 £57) (a43)
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