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Abstract

In this paper, Ritz-based solutions are developed for bending, buckling and vibration
analysis of laminated composite beams with arbitrary lay-ups. A quasi-3D theory which
accounts for a higher-order variation of both axial and transverse displacements is used
to capture the effects of both shear and normal deformations on the behaviors of
composite beams. Numerical results for various boundary conditions are presented to
compare with existing solutions, and to investigate the effects of fiber angle, span-to-
height ratio, material anisotropy and Poisson’s ratio on the displacements, stresses,
natural frequencies and buckling loads of composite beams.
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1. Introduction
Composite materials are used commonly in many engineering fields due to their high

strength-to-weight and stiffness-to-weight ratios as well as the ability to customize fiber
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orientations to meet design requirements. A large number of beam models have been
developed to predict the structural behavior of composite beams [1]. It is noted that the
classical beam theory (CBT) [2, 3] is only suitable for the analysis of slender beams due
to neglecting the shear effect. The first-order beam theory (FOBT) [4-9] overcomes this
drawback by assuming shear stress distribution to be constant through the height. Thus,
a shear correction factor is required to correct this inadequate variation. To avoid the
inconsistency of the FOBT, higher-order beam theories (HOBTs) with higher-order
variations of axial displacement are developed [10-14]. The HOBT predicts the
behaviors of composite beams more accurate than the FOBT. However, the effect of
transverse normal strain is neglected. For this reason, quasi-3D theories [15-18] were
developed based on higher-order variations of both axial and transverse displacements.
For computational methods, many analytical and numerical approaches have been
proposed to analyze behaviors of composite beams and only some of them using
HOBTs are mentioned here. Zenkour [15] used Navier solutions for the bending
analysis of cross-ply laminated and sandwich beams. Aydogdu [19-21] developed Ritz
solutions for the buckling and vibration analysis of composite beams. Mantari and
Canales [22, 23] also analyzed the vibration and buckling responses of composite beams
by using the Ritz method. Nguyen et al. [24] proposed a Ritz solution for composite
beams by using trigonometric functions. Khdeir and Reddy [25, 26] adopted the state-
space approach for the vibration and buckling analysis of cross-ply laminated beams.
The analytical solution was derived by Teh and Huang [27] to investigate the effects of
fiber orientation on the free vibration of composite beams. Finite element method has
also been widely used to analyze static, dynamic and buckling of composite beams [28-

38]. In addition, dynamic stiffness matrix method was used by Jun et al. [39] for the



vibration analysis of composite beams. Shao et al. [40] used the reverberation-ray
matrix method to analyze the free vibration of composite beams with general boundary
conditions. Although Ritz method is efficient to analyze the behaviors of composite
beams with various boundary conditions, the available literature indicated that the
number of works used the Ritz method is still limited [19-24]. Among them, only a few
research investigated the effects of both transverse and normal strains on the static,
vibration and buckling behaviors of composite beams. Unlike the cross-ply lay-ups,
composite beams with arbitrary ones, which considered in this study, have the coupling
effect between out-of-plane stresses and strains and thus it is more complicated and
needs further studies.

The objective of this study is to propose novel Ritz solutions for the static, vibration
and buckling analysis of composite beams with arbitrary lay-ups based on a quasi-3D
theory. The governing equations of motion are derived by using Lagrange’s equations.
The convergence and verification studies are carried out to demonstrate the accuracy of
the present study. Numerical results are presented to investigate the effects of transverse
and normal strains, span-to-height ratio, fiber angle, Poisson’s ratio and material
anisotropy on the deflections, stresses, natural frequencies and buckling loads of
composite beams.

2. Theoretical formulation

A rectangular composite beam with cross-section (b*h) and length L as shown in
Fig. 1 is considered. It is made of n plies of orthotropic materials in different fibre
angles with respect to the x-axis.

2.1. Kinetic, strain and stress relations

The displacement field of a quasi-3D theory proposed by Zenkour [15] is adopted



herein:

u(x,z,t) =u0(x,t)+zul(x,t)—%z2%+z{—3zz [aa u, (x z)j 16;2} (1a)

w(x,2,1) = wy (x,1) + 2w (X, 1) + 22w, (x,1) (1b)
where u,(x,t) and w,(x,t) are the axial and transverse displacements of mid-plane of
the beam, respectively; u,(x,) is the rotation about the y-axis; w,(x,7)and w,(x,t)
are additional higher-order terms. The present theory has 5 unknown variables, which

need to be determined.

The strain field of beams is given by:
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The elastic strain and stress relation of the k" -layer in a global coordinate is given

by:
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where the Eij are transformed elastic coefficients [41]. Moreover, a plane stress
constitutive relation in the y -direction can be assumed for composite beams. By
settingo, =0, =0, =0, Eq. (4) is reduced to:
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where EH,E‘B, 533, C,, are reduced stiffness constants of k" -layer in global

coordinates, which are related to (_717 as follows:
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If the transverse normal stress is omitted (g, =0), the strain and stress relations of a

HOBT are recovered as:
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. It should be noted that for HOBT, the higher-order
3
terms (w,(x,7) and w,(x,?)) will be vanished
2.2. Variational formulation

The strain energy U of system is given by
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where the stiffness coefficients of the beam are determined as follows
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The work done V by in-plane compressive load N, and transverse load ¢

applied on the bottom surface of the beam is given by:
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The kinetic energy K of system is written by:
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where dot-superscript denotes the differentiation with respect to the time t; o is the

mass density of each layer, and 1,,1;,1,,I, are the inertia coefficients defined by:
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The total potential energy of system is expressed by:
Nn=U+V-K (13)

Based on the Ritz method, the displacement field is approximated in the following

forms:
uy(x,1) = i ¢, (Xu, e (14a)
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where wis the frequency; i"=-1 the imaginary unit; w,;,u,;,w,;,w,;,w,, are

unknown values to be determined; ¢j (x) are shape functions. It is noted that the

accuracy and efficiency of the Ritz method strictly depend on the choice of these shape
functions. An inappropriate choice of shape functions may cause slow convergence rates
and numerical instabilities [21]. The shape functions used in the Ritz method should
satisfy the specified essential boundary conditions [41]. When the shape functions do
not satisfy this requirement, a penalty method can be used to impose the boundary
conditions [22]. However, this approach is too computational costs. In this paper, the
new shape functions composed of polynomial and exponential forms are proposed.
These shape functions are given in Table 1 for simply-supported (S-S), clamped-clamped
(C-C) and clamped-free (C-F) beams, and satisfy the boundary conditions (BCs) given in
Table 2.

The governing equations of motion can be obtained by substituting Egs. (14) into Eq.

(13) and using Lagrange’s equations:

— =0 (15)
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where the components of the stiffness matrix K and the mass matrix M are given by:
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Finally, the static, vibration and buckling responses of composite beams can be

determined by solving Eq. (16).
3. Numerical results

In this section, convergence and verification studies are carried out to demonstrate
the accuracy of the present study. For static analysis, the beam is subjected to a
uniformly distributed load with density ¢, applied on the surface z=-h/2 inthe z-
direction. Laminates are assumed to have equal thicknesses made of the same
orthotropic materials whose properties are given in Table 3. For convenience, the

following nondimensional terms are used:
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The composite beams (MAT 1, 0°/90°, L/h=5,E,/E, =40) with different BCs are

considered to evaluate the convergence. The nondimensional fundamental frequencies,

10



critical buckling loads and mid-span displacements with respect to the series number m
are given in Table 4. It can be seen that the present results converge at m =12 for the
natural frequency and critical buckling load, and m =14 for the deflection. Thus, these
converged numbers of series terms are chosen for the following analysis.

3.1. Example 1

The symmetric (00/900/00) and un-symmetric (00/900) beams with different L/h
and BCs are considered in this example. The nondimensional fundamental frequencies,
critical buckling loads and mid-span displacements (x=L/2,z=0) of beams are
presented in Tables 5-7, respectively. The obtained results are compared with those from
previous works using the HOBTs [14, 19, 21, 24-26, 30, 33] and the quasi-3D theories
[15, 16, 22, 29]. It can be seen that the present results comply with earlier ones for both
theories. It is also observed that there are differences between the results predicted by
HOBT and quasi-3D theory, especially for un-symmetric and thick beams (L/h =5).
For slender beams ( L/h =50), however, the predictions between them are close to each
other.

The nondimensional axial, transverse shear, and normal stresses of simply supported
beams with L/h=5,10,50 are presented in Table 8, and also compared to the
solutions obtained by Nguyen et al. [24] and Vo and Thai [31] using HOBT and Mantari
and Canales [29] and Zenkour [15] using quasi-3D theory. Again, a good agreement
with the previous models is found.

The effect of the ratio of material anisotropy ( E,/E,) on nondimensional

fundamental frequencies and critical buckling loads is plotted in Fig. 2. It indicates that
the fundamental frequencies and critical buckling loads increase by the increase of

E, /E,. The distribution of nondimensional transverse displacements through the

11



thickness for L/h=5,10,50 is displayed in Figs. 3-5. It is observed that the nonlinear
variation of the transverse displacement is clearly displayed for thick beams (L/h =5
with all BCs.

3.2. Example 2

The (0°/8/0°) and (0°/8) beams, which are extended from previous example, are
considered. Tables 9-12 present the variation of nondimensional fundamental
frequencies, critical buckling loads, mid-span displacements (x=L/2,z7=0) and
stresses of beams with respect to the fiber angle. It can be seen that the present results in
Tables 11 and 12 are close with those of Vo et al. [28], which used a quasi-3D theory. Figs.
6-8 show the variation of displacements for very thick beams (L/h=3) with the
increase of fiber angle @. It is observed that there are significant differences between
the results of HOBT and quasi-3D solutions. The distribution of nondimensional shear
and axial stresses through the thickness of (00/600/00) and (00/600) beams is displayed in
Figs. 9 and 10. It can be seen that the shear stress at top and bottom surface is vanished
as expected.
3.3. Example 3

This example aims to analyze the behaviors of composite beams with arbitrary lay-
ups. The symmetric single-layered C-F beams with fiber angles 15 and 30° (MAT III)
are first considered. The first five natural frequencies are displayed in Table 13 and
compared with those from Chen et al. [17] and experiment results of Abarcar and
Cunniff [42]. It is seen that there is consistency between present results and those from
[17] and [42], especially for the first mode of vibration. Next, the un-symmetric (450/—
45°/45°7-45°%) and (30%-50°/50°/-30°) beams (MAT IV) with various BCs are considered.

The responses on fundamental frequencies are reported in Table 14. Good agreements

12



between the present theory and previous studies are again found. Finally, the symmetric

(9 / —6’) composite beams (MAT IV) are considered. The effects of fiber angle on the

s

natural frequencies, critical buckling loads and displacements are illustrated in Table 15.
In addition, the nondimensional fundamental frequencies are also shown in Fig. 11. It
can be seen that the present natural frequencies are closer than to those of [17, 20] and
smaller than to those of [6, 24] which neglected the Poisson’s effect, especially for
10° <8< 60°. This phenomenon can be explained by the fact that Poisson’s effect is

incorporated in the constitutive equations by assumingo, =g, =0, =0. It means that
the strains (&,,),., ), ) are nonzero and this causes the beams more flexible [18]. This

indicated that the Poisson’s effect is quite significant to composite beams with arbitrary
lay-ups, and neglecting this effect is only suitable for the cross-ply composite beams

[38]. There is a deviation between the present critical buckling load and those from

Wang et al. [38], especially for the fiber angles 15°,30°and 45°. It can be explained
partly by the difference in the displacement fields between present study and Wang et al.
[38], which considered the first-order variation for both x- and y-directions (FOBT).
For this reason, bending-torsion coupling effect occurred in Wang et al. [38]. This effect
depended on the fiber angle of composite lay-up. For example, Teh and Huang [27]
stated that this maximum coupling effect varies from fiber angle from 24° to 25° of
cantilever graphite/epoxy beams. This study as well as most of previous research
reviewed in Ref. [1] ignored this bending-torsion coupling effect for rectangular
composite beams. This is the main reason for the difference between the obtained

critical buckling loads and those of Wang et al. [38].

4. Conclusions
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The new shape functions, which combined polynomial and exponential functions, are
presented to study the static, buckling and free vibration behaviors of laminated
composite beams with arbitrary lay-ups. The displacement field is based on a quasi-3D
theory accounting for a higher-order variation of both axial and transverse
displacements. Poisson’s effect is incorporated in beam model. Numerical results for
different BCs are obtained to compare with previous studies and investigate effects of
material anisotropy, Poisson’s ratio and fiber angles on the natural frequencies, buckling
loads, displacements and stresses of composite beams. The obtained results show that
the normal strain effects are significant for un-symmetric and thick beams. The
Poisson’s effect is also important for composite beams with arbitrary lay-ups, and thus
omitting this effect is only suitable for the cross-ply ones. The present model is found to

be appropriate for the bending, buckling and vibration analysis of composite beams.
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FIGURE CAPTIONS

Figure 1. Geometry and coordinate of a laminated composite beam.

Figure 2. Effects of material anisotropy on the nondimensional fundamental frequencies
and critical buckling loads of (0°/90°) and (0°/90°/0) S-S composite beams

Figure 3. Distribution of nondimensional transverse displacement through the thickness
of (0°790°) and (0°/90°/0°) S-S composite beams (MAT II).

Figure 4. Distribution of nondimensional transverse displacement through the thickness
of (0°790°) and (0°/90°/0°) C-F composite beams MAT II).

Figure 5. Distribution of nondimensional transverse displacement through the thickness
of (0°/90% and (0°/90%0% C-C composite beams (MAT II).

Figure 6. The nondimensional mid-span transverse displacement with respect to the
fiber angle change of S-S composite beams (L/h =3, MAT II).

Figure 7. The nondimensional mid-span transverse displacement with respect to the fiber
angle change of C-F composite beams (L/h =3, MAT II).

Figure 8. The nondimensional mid-span transverse displacement with respect to the fiber
angle change of C-C composite beams (L/h =3, MAT II).

Figure 9. Distribution of nondimensional stresses through the thickness of (0%760°/0°%)
Figure 10. Distribution of nondimensional stresses through the thickness of

Figure 11. Effects of the fiber angle change on the nondimensional fundamental

frequency of (5/ —H)S composite beams with various BCs (MAT 1V).
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Figure 1. Geometry and coordinate of a laminated composite beam.
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(L/h=5, MAT I).
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Table 1. Shape functions.

BC ¢ ;(X)

S-§ X (L - x) eZ
C-F xzeTXL
C-C i
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Table 2. Kinematic BCs.

BC  Position Value

S-S x=0 w,=0,w,=0,w,=0
x=L w,=0,w,=0,w,=0

C-F x=0 u, =0,u,=0,w,=0,w,=0,w,=0,w, =0,w,_=0,w, =0
x=L

C-C x=0 u, =0,u,=0,w,=0,w, =0,w,=0,w, =0,w, =0,w, =0
x=L uy=0,u,=0,w,=0,w, =0,w,=0,w,, =0,w,=0,w, =0
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Table 3. Material properties of laminated composite beams.

Material MAT I MATII MATII MATIV
properties [21] [14] [17, 42] [6]
E; (GPa) Ei/E;=open E/E»=25 129.11 144.8
E>=E;(GPa) - - 9.408 9.65
G12=G ;3 (GPa) 0.6E; 0.5E, 5.1568 4.14
G2; (GPa) 0.5E; 0.2E, 3.45 3.45
Vio=Vi3=Vo3 0.25 0.25 0.3 0.3
0 (kg/m®) - - 1550.1 -

L (m) L/h=open  L/h=open  0.1905 L/h=15
h (m) - - 0.003175 -

b (m) - - 0.0127 -

36



Table 4. Convergence studies for the nondimensional fundamental frequencies, critical

buckling loads and mid-span displacements of (0°790°) composite beams (MAT I,
L/h=5,E/E,=40).

BC

2 4 6 8 10 12 14
a. Fundamental frequency
S-S 6.3764  6.1406 6.1400 6.1400 6.1400 6.1400 6.1400
C-F 2.5879 23927 23845 23824 23820 2.3819 2.3819
C-C 10.3078 10.0566 9.9881 9.9650 9.9519 9.9435 9.9382
b. Critical buckling load
S-S 41943  3.9217 39211 3.9211 3.9211 3.9211 3.9211
C-F 1.2668  1.2365 1.2341 1.2334 1.2333 1.2333  1.2333
C-C 8.8169 8.6247 8.6167 8.6160 8.6156 8.6154 8.6153
c. Deflection
S-S 3.0041 3.2540 3.2481 3.2490 3.2488 3.2488  3.2488
C-F 6.9948 10.3704 10.4354 10.5022 10.4986 10.5079 10.5056
C-C 1.1999 1.2008 1.2440 1.2369 1.2473 1.2442  1.2455
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Table 5. Nondimensional fundamental frequencies of (0°/90°/0°%) and (0°/90°) composite

beams MAT LLE, / E, =40).

Theory Reference 0°/90°/0° 0°/90°
L/h=5 10 50 L/h=5 10 50

a. S-S beams

HOBT Present 9.206 13.607 17.449 6.125 6.940 7.297
Nguyen et al. [24] 9.208 13.614 17.462 6.128 6.945 7.302
Khdeir and Reddy [26] 9.208 13.614 - 6.128 6.945 -
Vo and Thai [30] 9.206 13.607 17.449 6.058 6.909 7.296
Murthy et al. [33] 9.207 13.611 - 6.045 6.908 -
Aydogdu [21] 9.207 - - 6.144 - -

Quasi-3D  Present 9.208 13.610 17.449 6.140 6.948 7.297
Mantari and Canales [22] 9.208 13.610 - 6.109 6.913 -
Matsunaga [16] 9.200 13.608 - 5.662 6.756 -

b. C-F beams

HOBT Present 4.230 5.490 6.262 2.381 2.541 2.603
Nguyen et al. [24] 4.234 5.498 6.267 2.383 2.543 2.605
Khdeir and Reddy [26] 4.234 5.495 - 2.386 2.544 -
Murthy et al. [33] 4.230 5.491 - 2.378 2.541 -
Aydogdu [21] 4.234 - - 2.384 - -

Quasi-3D  Present 4.223 5.491 6.262 2.382 2.543 2.604
Mantari and Canales [22] 4.221 5.490 - 2.375 2.532 -

¢. C-C beams

HOBT Present 11.601 19.707 37.629 10.019 13.653 16414
Nguyen et al. [24] 11.607 19.728 37.679 10.027 13.670 16.429
Khdeir and Reddy [26] 11.603 19.712 - 10.026  13.660 -
Murthy et al. [33] 11.602 19.719 - 10.011  13.657 -
Aydogdu [21] 11.637 - - 10.103 - -

Quasi-3D  Present 11.499 19.672 37.633 9944 13.664 16.432
Mantari and Canales [22] 11.486 19.652 - 9.974 13.628 -
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Table 6. Nondimensional critical buckling loads of (0°%790°%0% and (0%90% composite
beams MAT L E, / E, =40).

Theory Reference 0°/90°/0° 0°/90°
L/h=5 10 50 L/h=5 10 50

a. S-S beams

HOBT Present 8.609 18.814  30.859 3.902 4.935 5.398
Nguyen et al. [24] 8.613 18.832  30.906 3.907 4.942 5.406
Khdeir and Reddy [25] 8.613 18.832 - - - -
Aydogdu [19] 8.613 - - 3.906 - -

Quasi-3D  Present 8.613 18.822  30.860 3.921 4.946 5.398
Mantari and Canales [22]  8.585 18.796 - 3.856 4.887 -

b. C-F beams

HOBT Present 4.704 6.763 7.873 1.234 1.322 1.353
Nguyen et al. [24] 4.708 6.772 7.886 1.236 1.324 1.356
Khdeir and Reddy [25] 4.708 6.772 - - - -
Aydogdu [19] 4.708 - - 1.236 - -

Quasi-3D  Present 4.699 6.762 7.874 1.233 1.324 1.354
Mantari and Canales [22] 4.673 6.757 - 1.221 1.311 -

c. C-C beams

HOBT Present 11.648 34.437 114.237 8.668 15.609 21.339
Nguyen et al. [24] 11.652 34453 114.398 8.674 15.626  21.372
Khdeir and Reddy [25] 11.652 34.453 - - - -

Quasi-3D  Present 11.652  34.452 114.260 8.615 15.693 21.371
Mantari and Canales [22] 11.502 34.365 - 8.509 15.468 -
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Table 7. Nondimensional mid-span displacements of (0°/90°0% and (0°/90%) composite

beams under a uniformly distributed load (MAT II).

Theory Reference 0°/90°/0° 0°/90°
L/h=5 10 50 L/h=5 10 50

a. S-S beams

HOBT Present 2414  1.098 0.666 4.785 3.697 3.345
Nguyen et al. [24] 2412 1.096 0.665 4.777 3.688 3.336
Murthy et al.  [33] 2.398  1.090 0.661 4.750 3.668 3.318
Khdeir and Reddy [14] 2412 1.096 0.666 4.777 3.688 3.336

Quasi-3D  Present 2405 1.097 0.666 4.764 3.694 3.345
Zenkour [15] 2405 1.097 0.666 4.828 3.763 3.415
Mantari and Canales [29] - 1.097 - - 3.731 -

b. C-F beams

HOBT Present 6.830 3.461 2.257 15.308 12.371 11.365
Nguyen et al. [24] 6.813  3.447 2250 15260 12.330 11.335
Murthy et al. [33] 6.836 3.466 2.262 15.334 12398 11.392
Khdeir and Reddy [14] 6.824 3455 2251 15.279 12.343  11.337

Quasi-3D  Present 6.844 3451 2.256 15.260 12.339 11.343
Mantari and Canales [29] - 3459 - - 12475 -

c. C-C beams

HOBT Present 1.538 0.532 0.147 1.924 1.007 0.680
Nguyen et al. [24] 1.536  0.531 0.147 1.920 1.004 0.679
Khdeir and Reddy [14] 1.537 0.532  0.147 1.922 1.005 0.679

Quasi-3D  Present 1.543 0.532 0.147 1.916 1.005 0.679
Mantari and Canales [29] - 0.532 - - 1.010 -
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Table 8. Nondimensional stresses of (00/900/00) and (00/900) S-S composite beams
under a uniformly distributed load (MAT II).

Theory  Reference 0°/90°/0° 0°/90"
L/h=5 10 50 L/h=5 10 50

a. Normal axial stress

HOBT Present 1.0669 0.8500 0.8705 0.2361 0.2342 0.2336
Nguyen et al. [24] 1.0696 0.8516 - 0.2362 0.2343 -
Zenkour [15] 1.0669 0.8500 0.7805 0.2362 0.2343 0.2336
Vo and Thai [31] 1.0670 0.8503 - 0.2361 0.2342 -

Quasi-3D  Present 1.0732 0.8504 0.7806 0.2380 0.2346 0.2336
Zenkour [15] 1.0732  0.8506 0.7806 0.2276 0.2246 0.2236
Mantari and Canales [29] - 0.8501 - - 0.2227 -

b. Shear stress

HOBT Present 0.4057 0.4311 0.4523 0.9205 0.9565 0.9878
Nguyen et al. [24] 0.4050 0.4289 - 09174 0.9483 -
Zenkour [15] 0.4057 0.4311 0.4514 0.9211 0.9572 0.9860
Vo and Thai [31] 0.4057 0.4311 - 09187 0.9484 -

Quasi-3D  Present 0.4013 0.4286 0.4521 0.9052 0.9476 0.9869
Zenkour [15] 0.4013 0.4289 0.4509 0.9038 0.9469 0.9814
Mantari and Canales [29] - - - - 0.9503 -

c¢. Transverse normal stress

Quasi-3D  Present 0.1833 0.1787 0.1804 0.2966 0.2911 0.3046
Zenkour [15] 0.1833 0.1803 0.1804 0.2988 0.2982 0.2983
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Table 9. Nondimensional fundamental frequencies of (00/ 9/00) and (00/9) composite
beams (MAT I, E,/E, =40).

Lay-up BC  L/h  Fiber angle (8)
0° 15° 30° 45° 60° 75° 90°
0%6/10° S-S 5 9.5498 95165 9.4487 93630 9.2831 9.2279  9.2083
10 13.9976 13.8822 13.8130 13.7400 13.6729 13.6264 13.6099
50  17.7844 17.5246 17.4788 17.4642 17.4558 17.4509 17.4493
CF 5 43628 43307 43047 42754 42484 42297 4.2231
10 5.6259 55622 55403 55220 55059 5.4948  5.4909
50  6.3803  6.2856 6.2697 6.2655 62635 62625 6.2622
cC 5 12.0240 11.9365 11.8341 11.7130 11.6020 11.5260 11.4992
10 20.4355 20.3428 20.1923 20.0062 19.8335 19.7144 19.6723
50  38.4410 37.9379 37.8172 37.7449 37.6863 37.6471 37.6333
0%6 S-S 5 9.5498 7.9829 6.8336 63948 62215 6.1561  6.1400
10 13.9976 10.0656 7.9772 7.3028 7.0561 6.9682  6.9475
50  17.7844 11.2187 8.5069 7.7036 7.4191 7.3199  7.2971
CF 5 43628 33266 27077 24964 24173 2.3887 2.3819
10 5.6259 3.7996 29428 2.6785 2.5837 25505 2.5428
50  6.3803 4.0080 3.0359 2.7488 2.6474 2.6123  2.6043
cC 5 12.0240 11.0882 10.4823 10.1844 10.0347 9.9640  9.9435
10 204355 17.3592 15.0934 14.2004 13.8389 13.6989 13.6637
50  38.4410 24.9597 19.0914 17.3263 16.6995 16.4820 16.4323
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Table 10. Nondimensional critical buckling loads of (00/ 9/00) and (00/ @) composite
beams (MAT I, E,/E, =40).

Lay-up BC  L/h Fiber angle (8)
0° 15° 30° 45° 60° 75° 90°
0%6/0° S-S 5 92665 92022  9.0709 89063  8.7542  8.6499  8.6131
10 199125 195865 19.3911 19.1853 18.9974 18.8677 18.8217
50 32.0563 31.1266 30.9641 30.9123 30.8826 30.8653  30.8596
C-F 5 49708  4.8900  4.8413 47901  4.7432 47109  4.6994
10 7.0644 68878  6.8417 6.8111  6.7856  6.7683  6.7622
50 8.1715 79291  7.8897  7.8801  7.8762  7.8744  7.8739
C-C 5 127118 125874 123736 12.1114 11.8718 11.7089  11.6517
10 37.0660 36.8088 36.2838  35.6253  35.0169 34.5997  34.4524
50  119.0990 115.9313 115.2235 114.8359 114.5322 114.3307 114.2601
0%6 S-S 5 92665 65269  4.8298  4.2459  4.0242 39414  3.9211
10 199125 103374 65116 54620  5.1007  4.9748  4.9455
50 32.0563 127577 73361  6.0162  5.5800 54319  5.3981
C-F 5 49708 25808 1.6246 13620 12717 12405  1.2333
10 7.0644  3.0334 17845 14714 13672 13317  1.3236
50 8.1715 32134  1.8418  1.5094  1.3998  1.3628  1.3543
C-C 5 127118 109044 9.6517  9.0600  8.7780  8.6511  8.6154
10 37.0660 26.1089 19.3221 16.9879 16.1028 15.7733  15.6927
50  119.0990 49.5841 28.8970 23.7764 22.0782 21.5022 21.3712
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Table 11. Nondimensional mid-span displacements of (00/ 9/00) and (00/ @) composite
beams under a uniformly distributed load (MAT II).

Lay-up BC L/h Reference Fiber angle (8)

0° 15° 30° 45° 60° 75° 90°
0%6/0° S-S 5  Present 1.7930 1.8626 2.0140 2.1762 2.3030 2.3796  2.4049
Voetal.[28] 1.7930 1.8626 2.0140 2.1762 2.3030 2.3796 2.4049
10  Present 0.9222 0.9529 0.9946 1.0370 1.0700 1.0900  1.0965
Voetal. [28] 0.9222 0.9529 0.9946 1.0370 1.0700 1.0900  1.0965
50  Present 0.6370 0.6554 0.6608 0.6634 0.6650 0.6658  0.6661
Voetal. [28] 0.6370 0.6554 0.6608 0.6634 0.6650 0.6658  0.6661
C-F 5  Present 5.2683 5.4840 5.8705 6.2780 6.5930 6.7820  6.8442
Voetal. [28] 5.2774 5.4898 5.8804 6.2879 6.6029 6.7919  6.8541
10  Present 29647 3.0636 3.1810 3.2973 3.3871 3.4412 3.4511
Voetal. [28] 2.9663 3.0653 3.1828 3.2992 3.3880 3.4428  3.4605
50  Present 2.1599 22225 22402 22480 22529 22554 22562
Voetal. [28] 2.1602 22228 22405 22483 22531 22557 22565
C-C 5  Present 1.0866 1.1485 1.2616 1.3801 1.4711 1.5253  1.5431
Voetal. [28] 1.0998 1.1537 1.2670 1.3856 1.4766 1.5309 1.5487
10  Present 0.3958 0.4120 0.4459 0.4818 0.5098 0.5266  0.5323
Voetal. [28] 0.3968 0.4130 0.4469 0.4828 0.5108 0.5277 0.5332
50  Present 0.1367 0.1408 0.1431 0.1449 0.1462 0.1470 0.1473
Voetal. [28] 0.1367 0.1408 0.1431 0.1449 0.1462  0.1470  0.1472
0% S-S 5  Present 1.7930 2.5772 3.6681 4.3236 4.6312 47422  4.7645
Voetal. [28] 1.7930 2.5763 3.6634 43135 4.6135 4.7162 4.7346
10  Present 0.9222 1.6876 2.7463 3.3492 3.6070 3.6841  3.6942
Voetal. [28] 0.9222 1.6861 2.7403 3.3370 3.5871 3.6562 3.6626
50  Present 0.6370 1.3974 2.4454 3.0309 3.2725 3.3394  3.3446
Voetal. [28] 0.6370 1.3966 2.4406 3.0200 3.2540 3.3121 3.3147
C-F 5  Present 52683 7.9931 11.6981 13.8805 14.8708 15.2025 15.2595
Voetal. [28] 5.2774 8.0005 11.6830 13.8390 14.8020 15.1080 15.1540
10  Present 29647 5.5734 9.1667 11.2026 12.0630 12.3104 12.3387
Voetal. [28] 2.9663 5.5712 9.1499  11.1650 12.0020 12.2260 12.2440
50  Present 2.1599 4.7445 8.3044 10.2904 11.1059 11.3243 11.3428
Voetal. [28] 2.1602 4.7429 82916 10.2600 11.0540 11.2500 11.2580
C-C 5  Present 1.0866 1.3071 1.5673 1.7485 1.8524 1.9023 1.9164
Voetal.[28] 1.0998 1.3165 1.5755 1.7547 1.8575 1.9060 1.9193
10  Present 0.3958 0.5581 0.7797 0.9137 0.9771 1.0003  1.0050
Voetal. [28] 0.3968 0.5584 0.7783 09107 0.9726 0.9943  0.9983
50  Present 0.1367 0.2889 0.4987 0.6161 0.6646 0.6778  0.6790

Voetal. [28] 0.1367 0.2887 0.4974 0.6137 0.6608 0.6727 0.6733
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Table 12. Nondimensional stresses of (00/ 19/00) and (00/ @) S-S composite beams under a

uniformly distributed load (MAT II).

Lay-up L/h  Reference Fiber angle (8)
0° 15° 30° 45° 60° 75° 90°
a. Normal axial stress
0%6/0° 5 Present 0.9556 09788 1.0062 1.0339 1.0556 1.0688 1.0732
Voetal. [28] 0.9498 0.9731 1.0010 1.0280 1.0500 1.0630 1.0670
10 Present 0.7998 0.8220 0.8325 0.8403 0.8459 0.8493 0.8504
Voetal. [28] 0.8002 0.8222 0.8326 0.8403 0.8459 0.8491 0.8502
50  Present 0.7520 0.7736  0.7785 0.7798 0.7803  0.7805 0.7806
Voetal. [28] 0.7523 0.7739 0.7788 0.7801 0.7806 0.7808  0.7809
0% 5 Present 0.9556 0.5735 03736 0.2830 0.2476 0.2386  0.2380
Voetal. [28] 0.9498 0.5724 0.3746 0.2852 0.2510 0.2429 0.2428
10 Present 0.7998 0.5413 03655 0.2790 0.2445 0.2354 0.2346
Voetal. [28] 0.8002 0.5415 0.3661 0.2802 0.2464 0.2379  0.2375
50  Present 0.7520 0.5316 03631 0.2779 0.2436 0.2344  0.2336
Voetal. [28] 0.7523 0.5315 0.3633 0.2785 0.2449 0.2363 0.2358
b. Shear stress
0%76/10° 5 Present 0.6668 0.6384 0.5721 0.5010 0.4456 0.4123 0.4013
Voetal. [28] 0.6679 0.6395 0.5729 0.5016 0.4462 0.4128 0.4017
10 Present 0.7078 0.6761 0.6070 0.5330 0.4751 0.4401 0.4286
Voetal. [28] 0.7100 0.6783 0.6088 0.5344 04762 0.4411 0.4295
50  Present 0.7439 0.7096 0.6377 0.5609 0.5006 0.4641 0.4521
Voetal. [28] 0.7434 0.7090 0.6373 0.5605 0.5003 0.4638 0.4518
0%6 5 Present 0.6668 0.6996 0.7545 0.8155 0.8646 0.8949 0.9052
Voetal. [28] 0.6679 0.7050 0.7598 0.8208 0.8703 0.9012 0.9117
10 Present 0.7078 0.7356 0.7902 0.8532 0.9046 0.9367 0.9476
Voetal. [28] 0.7100 0.7394 0.7913 0.8528 0.9039 0.9363 0.9474
50  Present 0.7439 0.7685 0.8234 0.8884 0.9418 0.9755 0.9869
Voetal. [28] 0.7434 0.7443 0.7434 0.7718 0.8085 0.8372 0.8481
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Table 13. Fundamental frequencies (Hz) of single-layer C-F composite beam (MAT III).

Lay-up Theory Reference Mode
1 2 3 4 5
15° HOBT Present 82.19 512.86 1426.29 - 2767.83
Quasi-3D Present 82.22 513.09 1427.12 - 2769.99
Chen et al. [17] 82.55 515.68 1437.02 - 2797.14
Experiment Abarcar and Cunniff [42] 82.50 511.30 1423.40 1526.90° 2783.60
30° HOBT Present 52.63 329.13 918.51 1791.22 -
Quasi-3D Present 52.67 32943 91948 1793.62 -
Chen et al. [17] 52.73  330.04 922.45 1803.01 -
Experiment Abarcar and Cunniff [42] 52.70 331.80 924.70 1766.90 1827.50"
Note: ‘- denotes: the results are not available; ‘*’ denotes: the results are the torsional

mode
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Table 14. Nondimensional fundamental frequencies of composite beams (MAT IV).

Lay-up Theory Reference BC
S-S C-F C-C
45°7-45°145°1-45° HOBT Present 0.7961 0.2849  1.7592
Chandrashekhara and Bangera [36] 0.8278  0.2962  1.9807
Quasi-3D  Present 0.7962 0.2852 1.7629
Chen et al. [17] 0.7998  0.2969  1.8446
30%-50%50%-30° HOBT Present 0.9726  0.3486  2.1255
Quasi-3D  Present 0.9728 0.3489 2.1281
Chen et al. [17] 0.9790  0.3572  2.2640
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Table 15. Nondimensional fundamental frequencies, critical buckling loads and mid-

span displacements of (9/ —6’) composite beams (MAT IV).

s

BC  Theory Reference Fiber angle (8)
0’ 15 30° 45° 60"  75°  90°
a. Fundamental frequency
S-S HOBT Present 2.649 1.579 0999 0.796 0.731 0.725 0.729
Aydogdu [20] 2.651 1.896 1.141 0.804 0.736 0.725 0.729
Nguyen et al. [24] 2.656 2511  2.103 1.537 1.012 0.761 0.732
FOBT Chandrashekhara et al. [6] 2.656 2.511 2.103 1537 1.012 0.761 0.732
Quasi-3D  Present 2.650 1.580 0.999 0.796 0.731 0.725 0.730
C-F HOBT Present 0980 0.570 0.358 0.285 0.261 0.259 0.261
Aydogdu [20] 0981 0.676 0414 0.288 0.262 0.258 0.260
Nguyen et al. [24] 0983 0926 0.768 0.555 0363 0272 0.262
FOBT Chandrashekhara etal. [6] 0.982 0.925 0.768 0.555 0363 0.272 0.262
Quasi-3D  Present 0980 0.571 0358 0.285 0.262 0.260 0.262
C-C HOBT Present 4.897 3.288 2180 1.759 1.620 1.605 1.615
Aydogdu [20] 4973 4294 2195 1929 1.669 1.612 1.619
Nguyen et al. [24] 4912 4717 4131  3.197 2202 1.683 1.621
FOBT Chandrashekhara et al. [6] 4.849 4.664 4.098 3.184 2.198 1.682 1.620
Quasi-3D  Present 4901 3290 2.183 1.762 1.626 1.614 1.625
Chen et al. [17] 4.858 3.648 2345 1.838 1.671 1.616 1.623
b. Critical buckling load
S-S HOBT Present 10.709 3.808 1.522 0.967 0.816 0.802 0.813
Quasi-3D 10.713 3.809 1.523 0967 0.816 0.802 0.813
C-F HOBT Present 2973 0987 0386 0.244 0.206 0.202 0.205
Quasi-3D 2974 0988 0387 0.245 0206 0.203 0.206
FOBT Wang et al. [38] 2971  1.631 0.712 0.298 0.208 0.202 0.205
C-C HOBT Present 30.689 13.320 5.747 3.720 3.154 3.096 3.136
Quasi-3D 30.726 13.336 5.758 3.731 3.168 3.117 3.160
FOBT Wang et al. [38] 30.592 19.960 10.008 4.491 3.187 3.098 3.136
c. Mid-span displacement
S-S HOBT Present 1.196  3.371 8.437 13.286 15.745 16.028 15.811
Quasi-3D 1.195 3.369 8.432 13.278 15.733 16.014 15.796
C-F HOBT 3987 11387 28.611 45.097 53.452 54.413 53.675
Quasi-3D 3983 11.378 28.570 44.967 53.170 54.010 53.208
C-C HOBT 0355 0.795 1.815 2.791 3.289 3350 3.308
Quasi-3D 0.355 0.794 1.812 2.782 3.272 3322 3.276
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